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Chapter 1

Introduction to the set theory

This chapter is devoted to the set theory in Cantor’s sense.

Notations

Let A and B be two sets.

e the set A|J B called the union of the sets A and B, is the set of all elements of A that belong to A
or to B or to both of them.

e the set A[) B called the intersection of the sets A and B, is the set of all elements of A that belong
to A and to B.

e the set A\ B called the difference of the sets A and B, is the set of all elements of A that do not
belong to B.

o theset AA B=(AUB)\ (AN B) is called the symmetric difference of the sets A and B.

1.1 Open, closed and compact sets
The open ball in R™ centered at  and of radius r is defined by
B.(z)={yeR":|ly—z| <r}.

A subset C C R"™ is open if for every « € C there exists r > 0 with B,.(x) C C. By definition, a set is
closed if its complement is open.

We note that any (not necessarily countable) union of open sets is open, while in general the intersection
of only finitely many open sets is open. A similar statement holds for the class of closed sets if one
interchanges the roles of unions and intersections.

A set C is bounded if it is contained in some ball of finite radius. A bounded set is compact if it is
also closed. Compact sets enjoy the Heine-Borel covering property:

e Assume C' is compact, C C |J Ay, and each Ay is open. Then there are finitely many of the open
k

sets, Ak, Akyy -5 Ak

m?

m
such that C' C |J Ay;.
j=1
In words, any covering of a compact set by a collection of open sets contains a finite subcovering.
A point x € R™ is a limit point of the set C if for every r > 0, the ball B,(x) contains points of C.
This means that there are points in C' which are arbitrarily close to z. An isolated point of C is a point
x € C such that there exists an r > 0 where B,(z) N C' is equal to {z}.

7



8 CHAPTER 1. INTRODUCTION TO THE SET THEORY

A point z € C is an interior point of C' if there exists » > 0 such that B,(x) C C. The set of all
interior points of C is called the interior of C. Also, the closure C of the C consists of the union of C
and all its limit points. The boundary of a set C, denoted by dC, is the set of points which are in the
closure of C' but not in the interior of C.

Note that the closure of a set is a closed set; every point in C is a limit point of C; and a set is closed
if and only if it contains all its limit points. Finally, a closed set C is perfect if C' does not have any
isolated points.

The symbol @ denotes the empty set, the set with no elements at all. It is supposed to be open and
closed simultaneously.

1.2 Comparison of sets

We start this section the following question. Given two sets, it is asked which one of them contains more
elements than the other one. It is easy to answer this question if the sets contain only finitely (and rather
few) many elements, or if one of the sets is finite, while the other one is infinite. However, it is not easy
to answer the question if both sets are infinite, or contain quite a large number of elements that it is
impossible to count them. For example, can we say what sets contains more elements: the set of natural
numbers or even numbers; the set of rational numbers or integers; the set of irrational numbers or rational?
As we show below, intuitive answers to these seemingly evident questions might be wrong. To find the
correct answers to these questions we have to introduce the following definition.

Definition 1.2.1. Two sets A and B are called equivalent, and we write A ~ B, if there exists a one-to-one
correspondence between their elements, that is, there exists a bijection f : A <+ B of the set A on the
set B.

It is easy to see that this definition defines an equivalens relation, because A ~ A, A ~ B implies
B~A and A~ B, B~ C imply A~ C.

Definition 1.2.2. If the sets sets A and B are equivalent, then they are said to be of equal cardinalities
or cardinal numbers: CardA = CardB.

For finite sets, the equality of their cardinality numbers means the equality of the number of their
elements. Analogously, we will say that if two infinite sets are equivalent, then they contain equal number
of elements.

Example 1.2.3. Consider the set of all natural numbers N and the set of all even natural numbers
2N = {2n : n € N}. The mapping f : N <+ 2N that corresponds the number 2n to each natural number n
is obviously a bijection. Therefore, the sets N and 2N are equivalent.

Definition 1.2.4. The cardinal number of a set A is said to be less than or equal to the cardinal number
of a set B:
CardA < CardB,

if the set A is equivalent to some subset By of the set B (By can coincide with B).

Definition 1.2.5. The cardinal number of a set A is said to be less than the cardinal number of a set B:
CardA < CardB,

if the set A is equivalent to some subset By of the set By but is not equivalent to B.

1.3 Countable sets

Definition 1.3.1. The cardinal number of the set of all natural numbers N is called the countable cardi-
nality and will be denoted by the letter a, Card N = a.
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Definition 1.3.2. The sets equivalent to N are called countable.

Thus, if A is a countable set, Card A = a, then each element of A can be one-to-one corresponded
to a natural number n. In other word, the elements of a countable set can be enumerated, that is, be
represented as a sequence. So, if A is a countable set, then it can be written as follows

Az{al,ag,...,an,...}.

The countable cardinality is the least cardinality among the ones of all infinite sets. This follows from
the following theorem.

Theorem 1.3.3. Any infinite set contains a countable subset.

Proof. Let us choose two distinct elements of the set A and denote them a; and b;. The set A\ {a1,b1} is
obviously infinite, so we can choose two distinct elements as and by of this set. We continue in this manner
to get, at an n-th step the set

AN\ {{a1,az, ... an} (b1, bo, .. 0o}

This set is infinite, so we can choose two distinct elements a,41 and b,1 of this set and so on. So we
continue this procedure infinitely many times, and obtain two sequences

1,09, ...y Oy b1ybo, .ot by, ...
of distinct elements of the set A. Let us introduce the notations
Ay ={a1,a9,...,an,...}, Bi={b1,ba, ... bpn,...}.
The set A; C A is countable, as required. O

Remark 1.3.4. We proved even more than it was claimed in the assertion of the theorem. Namely, we
established that we can always split an infinite set into two part, one of which is countable and the other
one is infinite.

Indeed, the set A\ Ay = B1|J(A\ (A1 U B1)) contains the countable set By, so it is infinite.

We will use this Remark in what follows.
Theorem 1.3.5. A union of at most countably many of at most countable sets is at most countable.
Proof. The assertion of the theorem contains four statements which we proof separately.

1) A union of finitely many finite sets is finite.

This statement is obvious.

2) A wunion of countably many finite sets is at most countable set.

Let us have the sets

Ay ={ai1,a12,. .., 010, },
A2 = {a217a221 ceey a2n2}7
A = {ar1, ak2, - .., Gkny |,

o0

Consider the set A = |J Ag, and show that it is at most countable. To do this it suffices to show
k=1

that we can enumerate the elements of A or, equivalently, order them into a sequence.
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Let us order the elements of A as follows: First, we write elements of the set A;, then we write those
elements of A, that do not belong to Ay, and so on. At the kth step, we write the elements of the
set Aj omitting those ones of them that do belong to the previous sets, and so on. Thus, we finally
obtain

A= {a117a12, ey Alng 3 A21,A22, -, A2ngy « o+ A1, AR2,y -+« 5 Akmy s - - }

It is clear that in this manner, each element of each set A; will be chosen, so we obtain the set A,
indeed. It suffices now to enumerate the elements of the set A. If we use only finitely many numbers
during enumeration, then the set A is finite (it might happen if, from some point, all elements of the
rest sets are already written). If we use the whole set N during the enumeration, then A is countable.

3) A union of finitely many countable sets is a countable set.

Let us have the sets

Ay = {all,au, sy Qlngy s '}a
Ay ={as1,a22,...,020,,. ..},
Ak = {akl,akg,...,aknk,...}.

k
Consider the set A = |J Aj, and show that it is countable. To do this, let us order the elements
j=1

of A as follows: First, we write all the first elements of all the sets Ax. Then we write the second
elements of Ay omitting those ones that already appeared in the list, and so on. Finally, we get

A= {a11,a217~-~,ak1;a12,¢122,---7ak2;-~-;a1n,azm---7akn§-~-}-

It is clear that in such a manner, we mention all the elements of all sets. Moreover, the elements of
A can be enumerated by natural numbers, so A is countable.

4) A union of countably many countable sets is a countable set.

Let us have the sets

Al = {a117a127 A13y -+, Alngy - - '}7
Az = {ag1, a2, a3, ..., a2n,, .- -},
Az ={as1,a32,a33,...,03n,,. .-},
A = {ar1, ar2, 013, . - -, Ak - - -}

o0

Consider the set A = |J Ay, and show that it is countable. In this case, we order the elements of A
k=1

“along diagonals” omitting those ones that already appeared in the list:

A = {a11,012,021,013,022, 0315 - - -} Aln; Q201,032+ - Anl} - -}

Again, in such a manner every element of every sets will finally appear in the list. During enumeration
of the elements of the set A, we will obviously use all the natural numbers, so A is countable.

Note that in the cases 3) and 4) it is not necessary to have all the sets Ay countable. It is enough if
some of them are countable. O
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If we unite finitely many disjoint finite sets, their cardinalities are summed. Analogously, for infinite
sets we can put, by Theorem [1.3.5]

n1+n2+...+nk+...:a’
at+a+---+a=a,

a+a+...+a+...:a.

Example 1.3.6. Card Z = a, Card Q = a, where Z is the set of all integers, and Q is the set of rational
numbers.
Indeed, the set Z can be represented as

z=N{J{o} [ J-),

where —N = {-1,-2,-3,...,—n,...} is a countable set. By Theorem m Z is a countable set.
Furthermore, the set of rational numbers Q = {m/n : m € Z,n € N} can be represented as

o]
Q= U Qn, where Q,={m/n:meZ},
n=1
so QQ is countable as a countable union of countable sets.

Theorem 1.3.7. It is possible to subtract a countable set from any infinite set such that the rest set is
equivalent to the initial set.

Proof. Let A be an infinite set. Select from A two countable sets A; and Bj as it was done in the proof

of Theorem (see Remark [1.3.4). Then, we have
A= (A1 UB)U(A\ (A1 UBy)),

A\ Ay =B U(A\ (4, UBy)).

The sets A; U By and B; are countable, so equivalent. Moreover, the set A\ (4; U B;y) and 4; U By do
not have common elements. Therefore, A and A\ A; are equivalent. O

Theorem 1.3.8. The Cartesian product of finitely many countable sets is a countable set.

Proof. Clearly, it is sufficient to prove the theorem for the Cartesian product of two countable sets.
Given two countable sets

A={ay,az,...,an,...}, B={b1,by,...,bn,...},
let us consider their Cartesian product
A x B={(an,by): a, € A, b, € B}.
The sets Cy, = {(an,bm) : n € N} are countable because there exists a bijection f : (ay, by ) <> a,. Since

AxB= GC’m,

m=1
the set A x B is countable by Theorem [L.3.5] O

Example 1.3.9. Card Q™ = a. That is, the set of all m-dimensional vectors with rational coordinates is
countable, since

Q"=QxQx---xQ.
|

m
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Example 1.3.10. The set of all polynomials with rational coefficients is countable.

Let
Q[z] = {pm(z) = rox™ +r1z™  + - F 1t 10,71, ..., T € Q,m € N}
be the set of all polynomials with rational coefficients. Each polynomial p,,(z) € Q[z] is uniquely defined
by its coeflicients (rg,r1,...,7m), so if Q,,[z] is the set of all polynomials of degree m with rational

coefficients, then Q,,[z] ~ Q™*! Q,,[z] is countable. Therefore, Q[z] = |J Q.[z] is countable as a
m=1

countable union of countable sets.

Definition 1.3.11. A real number r is called algebraic if it is a root of a polynomial with rational
coeflicients.

Example 1.3.12. The set of all algebraic numbers is countable.

Indeed, any polynomial has finitely many roots. The set Q[x] is countable. Therefore, the set of all
algebraic numbers is countable as a countable union of finite sets, according to Theorem [T.3.5]

Definition 1.3.13. A real number r which is not algebraic is called transcendental.

Do such numbers exist? To answer this question, we should answer the question about existence of
infinite sets that are not countable, and define the cardinality of R. We do this in the next Section.

1.4 Sets of cardinality continuum

To continue study of cardinalities of sets, let us remind the following classical fact from mathematical
analysis.

Theorem 1.4.1 (Cantor). Any decreasing nested sequence of intervals has a unique common point.

Recall that a sequence of closed intervals of the real line {[a,, b,]}, n € N, is called decreasing nested if
[al,bﬂ D) [ag,bz] D) [ag,bg] D...D [an,bn] Dy,

and
lim (b, — a,) = 0.

n—roo

We asked at the end Section [[.3] whether exist infinite sets that are not countable. The next theorem
gives an affirmative answer to this question.

Theorem 1.4.2 (Cantor). The set of all points of the interval [0,1] is not countable.

Proof. It is clear that Card [0,1] > a, since the interval [0, 1] contains the countable subset {1/n: n € N}
(in fact, we can also use Theorem . Suppose, by contradiction, that Card [0,1] = a. Then we
can enumerate all the points of the interval [0,1], that is, we can represent the interval [0, 1] as follows
[0,1] = {x1,29,...,Zpn,...}. Let us now apply Cantor’s procedure. To do this, let us denote the interval
[0,1] as Ag and split it into three equal (by length) subintervals: [0,1/3], [1/3,2/3], [2/3,1]. Denote by
A one of them that does not contain the point 1, that is, 1 & A; (If the point x; does not belong to
two subintervals, we can choose any of them). Then, we split A; into three equal subintervals and denote
by As one of them that does not contain the point xo, and so on. At the n-th step, we split the interval
A, _1 into three equal subintervals and denote by A,, one of them that does not contain the point x,,, and
SO on.
Finally, we get a decreasing nested sequence of intervals

Ag DAL DAs...A, D ...,

whose lengths tend to zero. By Cantor’s theorem there exists a unique point xy which belong to all
the intervals A,, n =1,2,.... Since z( € [0, 1], there exists a number m € N such that zy = 2,,,. Now, on
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the one hand, z,, = 29 € A,,, while on the other hand, x,, € A,, by construction, a contradiction. So,
the points of interval [0, 1] cannot be enumerated by natural numbers, that is,

Card [0,1] > a,
as required. O

Definition 1.4.3. The cardinal number of the set of the points of the interval [0, 1] is called the continuum
cardinality and will be denoted by the letter ¢, Card [0,1] = c.

Theorem 1.4.4. If Card A > a, Card B < a, then Card (A|JB) = Card A.

Proof. Without loss of generality, we can assume that A(| B = @ (otherwise, we change B to B\ A, and
this changing will not affect the set A|J B).
Let us select from A a countable sets Ag as it was done in the proof of Theorem Then we have

A=A U(A\ A),

AUB = (40U B)U(A\ Ag).

The sets Ag and Ag|J B are both countable, and so equivalent. Since the first and the seconds summands
in the unions above do not have common elements, the sets A and A|J B are equivalent, so Card (A|J B) =
Card A, as required.

Theorem 1.4.5. If Card A > a, Card B < a, then Card (A\ B) = Card A.

Proof. The set A\ B cannot be finite or countable, since, otherwise, the set A C (A\ B) |J B was finite or
countable.
Obviously, Card(A \ B) < CardA, so by Theorem we have

Card A< Card (A\ B) UB = Card (A\ B) < Card A,

therefore, Card (A \ B) = Card A, as required. O
Example 1.4.6. Card (0,1) = Card (0,1] = Card [0,1) = c.
Example 1.4.7. Card [a,b] = Card (a,b) = Card (a,b] = Card [a,b) = ¢ (b > a).

The mapping y = a + z(b — a) is a bijection between the intervals [0,1] and [a, ], so Card [a,b] = c.
Thus, any closed, half-closed, or open interval have cardinality continuum.

Example 1.4.8. Card R = ¢, since the mapping y = arctan z set a bijection between R and the interval
(—7/2,m/2).

Corollary 1.4.9. Transcendental numbers exist. The cardinality of the set of transcendental numbers is
continuum.

Proof. Let A be the set of all algebraic numbers, CardA = a, and T be the set of all transcendental
numbers. Since T = R\ A, we have Card T = ¢ by Theorem [1.4.5] O

It is clear that a finite union of sets X}, of cardinality continuum is of cardinality continuum whenever
XN X; = 0 for k # j. Indeed, each X}, is equivalent to an interval of the form [a,b) and the interval
[0,1) can be represented as follows:

0,1) = | J[er-1.cx),
k=1

n
where 0 =cp <1 <2 <...<c¢p—1 <cyp=1. Thus, |J Xr ~1[0,1).
k=1
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n
Analogously, a countable union |J X} of sets of cardinality continuum is of cardinality continuum if
k=1
X () X; =0 for k # j. In this case we represent the interval [0,1) as a countable union

0.1) = Jlew-1.c0),

k=1
1 oo
where ¢, =1 — e k=0,1,2,.... Since Xy ~ [cg—1,¢k) for k € N, we obtain that |J Xx ~ [0,1).
k=1
Thus,
ct+c+---+c=nc=c,
and

ct+tc+---+c+---=ac=c.
Theorem 1.4.10. The cardinality of the set of all sequences whose elements are 0s and 1s, is continuum.
Proof. Let A be the considered set:
A={(ar,a2,...,an,...): a, € {0;1}, n € N}.
Together with the set A, let us consider the set of binary fractions:
F={0.a1a2...an...: ay, € {0;1}, n € N}.
Each such a fraction defines a real number

+oo
ag

x:O.alag...an...:ZQ—k,
k=1
from the interval [0, 1], since the minimal binary fraction from the set F' is

0.000...0...=0,

while the largest one is

0.111...1... = =

Conversely, every number x € [0, 1] can be expressed as
r=0.a1a2...0p....

However, some numbers, namely, the numbers of the form 7z, and only they, have two representations by
binary fractions. One of these representations have 1 in period, while the other one has 0 in period. For
example,

g:0.011000...00...:0.010111...11...

Taking this fact into account, let us split the set F' into two sets F; and Fb, so that Fj consists only
of binary fractions with 0 in period but the fraction 0.000...0... = 0, and F5 contains all other binary
fractions. It is clear that Fy ~ [0,1], so Card Fy = c. The set F is equivalent to the set of fractions of
the form fz where 0 < m < 2", n € N. This set is an infinite subset of all rational numbers, therefore
Card F; = a. By Theorem [1.4.5] one has Card F = Card (Fy|JF») =c.

Since, obviously, A ~ F, we obtain Card A = c. O
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Example 1.4.11. The cardinality of the of all (finite and infinite) sequences of natural numbers is con-
tinuum.

Indeed, let L be the set of all binary fractions of the form
0.a1a0a3...an ..., ap€{0,1}, £k=1,2,3,....

Since L is in one-to-one correspondence with the set of all sequences whose elements are Os and 1s, we have
Card L = ¢ by Theorem [1.4.10} Let us assign to every sequence (n1,ng,..., Ny, ...) of natural numbers
a fraction 0. ajasas...a, ... according the following rule:

anl:anlJr,rm:...:anle_“Jrnm:..._]_7

while all other ay equal zero. Clearly, we construct a one-to-one correspondence between the set of all
sequences (finite or infinite) of natural numbers and the set of the mentioned binary fractions.

Proposition 1.4.12. The Cartesian product of finitely many sets of cardinality continuum is a set of
cardinality continuum.

Proof. Without loss of generality, it is enough to consider the Cartesian product of two sets. Let CardA =
CardB = c. Consider M = A x B ={(a,b) : a € A,be B}. For every m € M we have m = (a,b), and
by Example we have that there is a sequence (p1,pa,...) of natural numbers corresponding to a,
and there is a sequence (g1, g2, . ..) of natural numbers corresponding to b. Thus, we can associate with
the element m the following sequences of natural numbers:

(p17q17p27q27 o )

Thus, we obtain a one-to-one correspondence between the set M and the set of all sequences of natural
numbers which is of cardinality continuum by Example O

Corollary 1.4.13. For any n € N, Card R™ = c.

Corollary 1.4.14. The continuum union of pair-wise non-intersecting sets of cardinality continuum is of
cardinality continuum.

Proof. Indeed, there exists a one-to-one corresponding between the considered union and the set of all
straight lines in R? parallel to the Oz axis. O

Theorem 1.4.15. The Cartesian product of countably many sets of cardinality continuum is a set of
cardinality continuum.

Proof. Let M = @ Ay, CardAp = ¢, k = 1,2,.... Every element m of the union M has the form
n=1

m = (a1, a9, as,...) where ap € A, k € N. By Example [1.4.11] with every a; we can associate a sequence
with natural elements. Thus we have

ay ~ (n17n27n37"')7
ag ~ (m17m2am37"')7

asg ~ (lla lQu l?n .. ‘)7
so with the element m we associate the sequence
(nla na, m17n37m27117 o )

This is a necessary one-to-one correspondence between M and the set of all sequences with natural elements.
O
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The following example plays an important role for our further study of measures.
Example 1.4.16. Cantor’s set.

Let Cy = [0, 1]. Split the interval [0, 1] into three equal (by length) parts by the points % and %, and
delete the middle open interval (1 2). The resulting set we denote as Cy, so

C = {O,Zﬂ U Bl] .

1 2 1 2
Let us now split each of the intervals [07 3} and [3, 1} split into three part by the numbers 32 320 and

7

327 32
denote as Cs:

respectively, and delete the middle intervals. The resulting set consisting of four intervals we

1 2 1 27 8
= o) Ul 5] U5 | U]
Continuing the procedure, at the nth step we have the set C,,_; consisting of 2"~ ! intervals. We split each
of these intervals into three equal parts and delete the middle intervals. The resulting set consisting of 2™

intervals we denote as C,, and so on. Finally, we will have the sequence of sets C,,: {C,,}22,. Let us denote
their intersection as C: -
C=)Cn
n=0

The set C is called Cantor’s set. Let us study some properties of this set.

1) Card C =c.

Indeed, let us represent the numbers of the interval [0, 1] as ternary fractions
r=0.a1a%a3...0p ...,

where aj can assume only values 0, 1, or 2. Clearly, when we delete the middle interval at the first
step of constructing Cantor’s set, we exclude from Cqy all the numbers whose first digit in the ternary
fraction representation is 1. At the second step, we delete from C; all the numbers whose second
digit in the ternary fraction representation is 1, and so on. Therefore, Cantor’s set consists of all
the numbers of the interval [0, 1] whose ternary fraction representations do not have 1, that is, all
the digits in their representations are Os and 2s. Thus, Cantor’s set is equivalent to the set of all
sequences whose elements are Os and 1s, and Card C = ¢ by Theorem [1.4.10

2) Cantor’s set C is closed, so it is compact, since C C [0,1].
Each set C,, is closed as a union finitely many closed intervals. But the intersection of any number
of closed sets is a closed set, so C is closed.

3) The “length” of Cantor’s set C equals 0.

A strict definition of the “length” (measure) of a set is given below in Chapter [2 Now let us calculate
the sum of the lengths of all intervals that was deleted during the process of constructing of Cantor’s
set.

At the first step we deleted an interval of length % At the second step we deleted two intervals of
1
length 32 At the third step, there were deleted four intervals of length 3%,, and so on. Thus, the

sum of the lengths of all deleted open intervals equals

NP S B X
3 32 33 =t

Since we deleted from [0, 1] a union of intervals whose length equals 1, then the “length” of the rest
set (Cantor’s set) equals zero.
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The “paradoxical” properties 1) and 3) of Cantor’s set were ones of the reasons to develop the so-called
measure theory, which we study below in Chapter 2}
We finish this section with the following theorem.

Theorem 1.4.17. FEvery open set in R can represented as a countable union of disjoint open intervals.

Proof. Let A be an open set in R. For each z € A, let I, denote the largest open interval containing x
and contained in A. More precisely, since A is open, x is contained in some small (non-trivial) interval,
and therefore if

a; =inf{a < z: (a,z) C A} and by =sup{b>x: (z,b) C A}

we must have a, < x < b, (with possibly infinite values for a, and b,). If we now let I, = (as,b.), then
by construction we have z € I, as well as I, C A. Hence

A= | L.

z€A

Now suppose that two intervals I, and I, intersect. Then their union (which is also an open interval)
is contained in A and contains z. Since I, is maximal, we must have (I, U I,) C I, and similarly
(I UI,) C I,. This can happen only if I, = I, therefore, any two distinct intervals in the collection
T = {I,}+c4 must be disjoint. Moreover, the collection Z of open intervals I, is countable, since every open
interval I, contains a rational number. Since different intervals are disjoint, they must contain distinct
rationals, and therefore Z is countable, as required. O]

1.5 Sets of higher cardinalities

While the countable cardinality is the minimal among all the cardinal numbers, there is no maximal
cardinal number, as the following theorem shows.

Theorem 1.5.1. The cardinal numbers of the set of all subsets of a given set B is larger than the cardinal
number of the set B.

Proof. Let B =Jb be some set, and let M = Jm be the set of all subsets of B. Here we denote by b the
elements of the set B, and by m the elements of the set M. We notice that the empty set @ and the set
B itself are elements of the set M. There obviously exists a bijection between the elements b of the set B
and the one-element sets m = {b} of the set B, therefore, Card M > Card B. On the contrary, suppose
that Card M = Card B. Then, there exists a bijection f : M <> B. This means that each element b of
the set B can be represented as b = f(m), where the element m € M is unique.

Let us split the set B into two classes. The first class contains all the elements b of the set B such that
b= f(m) € m. The second class contains all the elements b of the set B such that b = f(m) &€ m. Since f
is a bijection, each element of B cannot belong to both these classes simultaneously, and must belong to
one of them.

Consider the set mg of the elements of the second class. This class is a subset of B, so mo € M, and
the bijection f defines an element by € B such that by = f(mg). So, does the element by belong to the
first class or to the second one? If by belongs to the first class, then by = f(myg) € mog, that is impossible,
since myg is the set of elements of the second class, a contradiction. If by belongs to the second class, then
bo = f(mo) € mg. But mg contains all the elements of the second class, a contradiction again.

Thus, by cannot belong neither to the first nor the second class. Therefore, no bijections f : M < B
exist. O

If the set B is finite, Card B = n, then the set M contains one empty set (1 = (g)), n = (’11) of
one-element sets, (Z) of two-element sets,. .., and the set B itself (1 = (Z)) Since

1+<T)+<Z)+m+(nil)+1(1+1)”2”,



18 CHAPTER 1. INTRODUCTION TO THE SET THEORY

then Card M = 2™. By analogy, if B is an infinite set and Card B = «, then it is assumed that
Card M = 2°.
Example 1.5.2. The following formula is valid:

2% =¢

Let T be the set of all subsets of the set N, and let L be the set of all the binary fractions of the form
0.a1a9a3...an ..., ap€{0,1}, £k=1,2,3,....

It is clear that Card T = 2, since Card N = a, while Card L = ¢ by Theorem [1.4.10]

To each element ¢ of T' (¢ is a finite or countable sequence of growing natural numbers) we can assign
an element x = 0.a1a2a3...a, ... of L by the the following rule. If a natural number £ belongs to the
sequence t, then ar = 1. If k & ¢, then a = 0. Clearly, in such a manner we obtain a one-to-one
correspondence between T and L, so their cardinalities are equal.

It can be shown that any two cardinal numbers can be compared, that is, if A and B are two sets, then
the following relations are exclusive (there exists only one of them):

Card A < Card B, Card A= Card B, Card A> Card B. (1.5.1)

It can be proved by establishing first that if A D A* D A** and Card A = Card A**, then Card A* =
Card A. Then, the fact that the relations are exclusive follows from the fact that if a set A is
equivalent to a subset of a set B, while the set B is equivalent to a subset to the set A, then A and B are
equivalent.

Remark 1.5.3. Despite of the well-developed theory of sets comparisons, there is no answer to the question
known as continuum hypothesis. The hypothesis (due to G. Cantor) claims that there is no sets whose
cardinality is between a and c. However, it was proved in mid-XX century that it is impossible to prove or
disprove the hypothesis in the system of axioms known as ZFC (Zermelo—Fraenkel set theory). In fact, we
implicitly use this system of axioms in our life and, in particular, in these lecture notes. So we can only
postulate here the affirm answer to the question as an additional axiom. For further details, see [2].
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1.6 Problems

Problem 1.1. Prove explicitly (by finding a bijection) that
1) the sets [0,1] and (0, 1) are equivalent;
2) the sets [0, 1] and (a, b] are equivalent. Here a,b € R;
3) the sets (0, 1] and [0, 1) are equivalent;
4) the sets [0,1] and (a,b) are equivalent, where a,b € R, a < b.

Hint: Find a bijection that transfer (one-to-one) a countable subset of the interval [0,1] containing the
point 1 to a countable subset of the the interval [0, 1) that does not contain the point 1. Use the composition
of bijections.

Problem 1.2. Prove explicitly (by finding a bijection) that
1) the real axis R is equivalent to the closed interval [—1, 1];
2) the real axis R is equivalent to the open interval (—a,a), a > 0;
3) the real axis R is equivalent to the interval [—a,a), a > 0.

Hint: Find a bijection that transfer (one-to-one) a countable subset of the interval [0,1] containing the
point 1 to a countable subset of the the interval [0, 1) that does not contain the point 1. Use the composition
of bijections.

Problem 1.3. Prove that the border of the square with vortices A(—1,1), B(1,1), C(—1,1), and D(—1, —1)
is equivalent to the circumference {(z,y) : 2% +y? = 1}.

Problem 1.4. Prove that the circumference {(z,y) : 22 + y*> = 1} is equivalent to the ellipse {(z,y) :
222 + 4y* = 16}.

Problem 1.5. Prove that the disc {(x,y) : 22 +y? < 9} is equivalent to the set {(z,y) : |z| <1, |y| < 1}.
Problem 1.6. Prove that the disc {(z,y) : 22 +y? < 25} is equivalent to the set {(z,y) : 422 +8y? < 16}.

Problem 1.7. Prove that the set of points of discontinuity of a monotone function on an interval [a, ],
is at most countable.

Problem 1.8. Prove that the set of all intervals of R, whose ends are rational, is countable.

Problem 1.9. Prove that the set of all triangles on the plane, whose vertices have rational coordinates,
is countable.

Problem 1.10. Prove that the cardinal number of the set {(z,y) : 22 + y? = 1} equals ¢ (continuum).
Problem 1.11. Prove that any set of open disjoint discs on the plane is at most countable.

Problem 1.12. Let a set A be finite, and let a set B be countable. Prove that A|J B is equivalent to the
set, of all integers Z.

Problem 1.13. Let a set A be finite, and let a set B be countable. Prove that A|J B is equivalent to the
set of all numbers of the form 2%, k € Z.

Problem 1.14. Let a set A = B|JC and CardA = c. Prove that at least one of the sets B and C'is of
cardinality c.

Problem 1.15. Prove that the cardinality the set of all (at most countable) sequences {uy};>] with real
elements (u, € R) is c.
Hint: Use Theorem L4185
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Problem 1.16. Prove that the cardinality of the set ® of all continuous functions defined on [0, 1] is equal
to c.

Hint: Prove that Card® > c¢ by finding a subset of ® of cardinality c¢. To prove Card® < ¢, use the
continuity of the functions in @, the fact that the set of rational numbers is countable, and the result of

Problem [[.15]

Problem 1.17. Prove that the cardinality of the set F of all real functions defined on [0,1] is greater
than c. There is the notation Card F = f.
Hint: Prove that [0,1] 4 F and 3 F* C F such that [0,1] ~ F™.

Problem 1.18. Prove that 2¢ = f.
Hint: First prove the fact that the cardinality of the strip [0, 1] X R is continuum.

Problem 1.19. Prove that the Cantor set C is totally disconnected and perfect. In other words, given
two distinct points x,y € C, there is a point z ¢ C that lies between = and y, and yet C has no isolated
points.

Hint: If z,y € C and |z — y| > 3,
x € C there is an end-point y;, of some interval in Cj, that satisfies x # yx and |z — yi| < 3%

then z and y belong to two different intervals in Cy. Also, given any

Problem 1.20. Prove that the interval [0, 1] cannot be represented as a countable union of disjoint closed
intervals (where at least two of intervals are non-empty).
Hint: Use the Cantor’s theorem about the sequence of nested intervals to get a contradiction.

Do not use Baire categories!!!

Problem 1.21. Prove that the interval [0, 1] cannot be represented as a countable union of disjoint closed
sets (where at least two of sets are non-empty).

Hint: Use the fact that any open set on [0, 1] can be represented as a countable union of open sets.
Do not use Baire categories!!!



Chapter 2

Introduction to the measure theory

In this chapter, we give a short review of rings and algebras of sets and introduce the general measure
theory.

2.1 Rings and algebras of sets

In what follows we consider collections of sets whose elements are also sets. We mainly assume that all
the considered sets are subsets of some basic set (a universe).

Definition 2.1.1. A non-empty collection of sets K is called a ring if it possesses the following properties:
1) ABe K = Al|JBeK,
2) ABeK = A\BeKk.
Rings also possess the properties:
3) @ eKk;
4) AL BeK = ANBEeK;
5) ABeK = AABeK;
These properties follow from the properties 1) and 2) and from the equalities:
g=A\A (AeKk),
AN B =A\(A\B),
AnB=(A\B)UB\ A),

that can be easily checked.
Thus, a ring is a non-empty collection of sets containing the empty set and closed w.r.t. operations of
union, intersection, substraction, and symmetric substraction.

Definition 2.1.2. A set E € K is called the unit of the ring I if A(JE = A for any A € K.
Definition 2.1.3. A ring with unit is called algebra.

We denote algebras by the letter A. Any algebra possesses one more property (additionally to the
properties 1) — 5)).

6) Ac A = A°=E\ Ac A

21
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The set A€ is called the complement of the set A in the algebra A.

Example 2.1.4. Let X be a non-empty set. Then the collection A = {&, X} is an algebra with the
unit X.

Example 2.1.5. Let X be a non-empty set. Then the collection of all its subsets P(X) is an algebra with
the unit X.

Example 2.1.6. Let X be a non-empty set, and let P;(X) be the collection of all finite subsets of X.
Then P;(X) is a ring. The ring P;(X) is an algebra with the unit X if, and only if, X is a finite set.
However, in this case, Py(X) coincides with P(X).

Example 2.1.7. Let P,(R) be the collection of all bounded subsets of R. The set Pp(R) is a ring (without
units).

Our next example is not as trivial as the previous ones, and requires some preparations. Consider the
n-dimensional Euclidean space R™.

Definition 2.1.8. The setll]
K= {l‘: (mi)?zl Pap<xi<bjVa; <x; <b;Va; <z <bVa; <z < bi, 1= 1,2,...,71}. (2.1.1)
is called a brick or n-dimensional rectangle (parallelepiped).

In we assume that a; < b; for any ¢ = 1,2,...,n, and that for different ¢ there might hold
different inequalities (one of the four mentioned inequalities). Thus, & is a brick (a; = b; for at least one
index i, and a; < x; < b; for all 7); the points are bricks (a; = b; and a; < x; < b; for all ¢); finite intervals
are bricks (for one fixed index 4, a; < b;, and for all the rest indices i, a; = b;); parallelepipeds of any
dimension k, 2 < k < n, are bricks, etc.

Definition 2.1.9. A set B € R"” is called elementary if it can be represented as a union of finitely many
bricks:

l
B=|JK;. (2.1.2)
j=1

The collection of all elementary sets of the space R™ is denoted £™.

Note that the representation of an elementary set in the form is not unique, since the bricks K
might have non-empty intersections. However, it is possible to find the representation of an elementary
sets in the form of union of finitely many disjoint bricks. To do this, we can take any representation
of an elementary set and cut each brick in the representation by hyperplanes along all the sides of all the
bricks in the representation. We finally obtain the representation

(2.1.3)

where the symbol () stands for the union of pairwise disjoint sets (here K ﬂ Kj'- =g, i F#j).
Theorem 2.1.10. £" is a Ting.

Proof. Tt is clear that the intersection of two bricks is a brick. So, if

[P 1)

1The symbol V denotes the exclusive “or”.
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are two elementary sets, then the set

sNe-(Us)n(Ux)-uU ()

is elementary, as well.

The difference of two bricks K \ K’ is clearly an elementary set. Consequently, if K is a brick, and
1

B= U K; is an elementary set, then
i=1

l l
K\BK\(U&)D(K\K»

is an elementary set too.
Let now B and C be two elementary sets. They are bounded as finite unions of bounded sets (bricks),
so there exists a brick K containing both sets. Therefore, the sets

BUC:K\(K\(BUC)) :K\((K\B)ﬂ(K\C))
B\C=B[|(K\C).

are elementary. O

The ring €™ is not an algebra, since it contains no units. Nevertheless, the collection £™(K) of all
bricks containing in some brick K is an algebra whose unit is K.

Definition 2.1.11. An algebra A is called o-algebra (sigma-algebra) if it is closed under countable union

of its elements, that is, if it possesses the property

7) (Ais, CA = A=|J A Cc A

k=1
If A is a o-algebra, then it also possesses the following property
8) (Ap)il  CA = A=A CA

k=1

Indeed, if (Ag)5e; C A, then by the laws of duality

A:ﬂAk:<UA;> €A
k=1 k=1

Here A€ = E'\ A, where F is the unit of the algebra A.
Thus, o-algebra is an algebra closed under countable unions and intersections of its elements. Among

the examples (2.1.4)—(2.1.7), the set P(X) is a o-algebra only.
Example 2.1.12. Let X =R, and let

A={ACA : Ais countable or A is countable}.

It is easy to check that A is a o-algebra.
Example 2.1.13. Let X = [0,1], and let A = {0, X, [0, %], (%, 1]}. Then A is a o-algebra.
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Remark 2.1.14. For rings, there is a somewhat different situation. One has to differ o-rings that are
closed under countable unions of their elements, and d-rings that are closed under countable intersections
of their elements.

Let now X be a set, and let (A;)7, be a sequence of subsets of the set X.

Definition 2.1.15. The set A consisting of all the elements of X (and only them) that belong to infinitely
many sets A, of the sequence (Ay)72 ,, is called the limit superior of the sequence (Ax)72 ;. We will denote
it as A = limsup Ay = lim A

Thus, a set A is the limit superior of the sequence (Ar)%e, if, and only if, for any z € A, there exists
a sequence kj, j € N, of indices such that x € Ay, j =1,2,....

Definition 2.1.16. The set A consisting of all the elements of X (and only them) that belong to all the
sets Ay, starting from a fixed index, is called the limit inferior of the sequence (Ax)2;. We will denote it
as A =liminf A; = lim A,

Thus, a set A is the limit inferior of the sequence (Ax)%2, if, and only if, for any x € A, there exists
an index kg = ko(z) such that x € Ay, for all k > k.

It obviously follows from the definitions that any sequence has the limit superior and the
limit inferior (probably empty sets), and that A C A. The embedding here can be strict as the following
example shows.

Example 2.1.17. Let Ay = [0,1 + 1/k] for odd k, and Ay = [1 — 1/k,2] for even k. Then we have
limAk = [0,2], mAk = {1}

Definition 2.1.18. A sequence of sets (Ay)52, is called convergent if
mAk = MA;C = A.
In this case, A is called the limit of the sequence (Ag)52,.

Theorem 2.1.19. The following relations hold:

A(00) a-0(Ae) "

Proof. Let us prove the first of the relations (2.1.4). Suppose that x € A. Then, by definition, there
exists a sequence of indices k; such that x € Ag,, j = 1,2,.... So, for any k € N, there exists a number

l=Fk; > k,sothat x € U Ay for any k € N. Consequently, x € ﬂ (U Al>
= k=1 \I=k

Conversely, let x € ﬂ <U Al> . Then x € U A; for any k € N. This means that for any k£ € N, there

k=1 \i=k 1=k
exists a number [ > k such that z € Al, that is, « belongs to infinitely many sets of the sequence (Ag)32 ;.

Prove now the second relation . Let z € A. Then, by definition, there exists a index k = k()

such that z € A; foralll > k. So x € m A, therefore, x € U (ﬂ Al>

=k k=1 \l=k

o0 o0 o0
Conversely, let x € U (m Al> . This means that there exists a natural number k such that x € ﬂ A,

k=1 \l=k 1=k
that is, z € A; for all [ > k. O

From this theorem we can obtain one more property of o-algebras. Namely, if A is a o-algebra, then
it possesses the following property
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9) (Ap)2, C A = lim A, lim A, € A. Moreover, if the sequence (Ag)S., converges, then its limit
also belongs to A, lim Ay € A.

This property is a consequence of the properties 7) and 8), and of the formulee (2.1.4).

Definition 2.1.20. A sequence of sets (Ay)72 ; is called monotone if it satisfies one the following relations
Ay CAy C - CAp C -+ (increasing sequence),

or
A1 DAy DDA D+ (decreasing sequence).

Lemma 2.1.21. A monotone sequence of sets (Ay)32, converges. Moreover, if the sequence is increasing,

oo oo
then lim A = |J Ak, and if the sequence decreases, then lim Ay, = () Ag.
k=1 k=1

Proof. Let (Aj)$2, increases. Then |J 4; = | A, therefore, ﬂ (U Al> = m (U Al> = UAl'
1=k =1 k=1 \I=k k=1 \i=1 1=1
o o
Consequently, A = |J A (see (2.1.4)).
k=

1

On the other hand, ﬁ A= Ag, 50 A= G (ﬁ Al> = [j Ay,
k=1 \k=l k=1

=k
9]

Thus, A = A, which means that an increasing sequence of sets always converges, and lim Ay, = U Ap.

k=1
The corresponding fact for decreasing sequences can be proved analogously. O

2.2 General measure theory

The concept of the measure of a set is a natural extension of the such concepts as the length of an interval,
the square of a flat body, the volume of a body, the increment ¢(b) —(a) of a non-decreasing function ¢(x)
on the interval [a, b], the integral of a nonnegative function over a certain domain, and many other notions.

Let K be a ring.

Definition 2.2.1. A function p : £ — Ry := [0,00) is called a measure if it possesses the following
property

1) p(A1UAs) = Ay + pAs, for any Aq, Ay € K.
The property 1) is called the additivity property of measures. Let us study some properties of measures.

2) p@ =0.
Indeed, u@ = (@) = p& + pd = 2u, so ug = 0.

3) AC B = pA < uB (monotonicity).
Since B = AJ(B\ A) and since B\ A € K, we have

uB = pA+ u(B\ A) > pA, (2.2.1)
due to the additivity and nonnegativity of measures.

4) ACB = u(B\ A)=puB— uA.
This property follows from (9.1.1]).
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5 w(AUB) = pA+ uB — (AN B).
In fact, A|UB = AW(B\ (A[) B)), so the property 5) follows now from the properties 1) and 4).

l l
6) 1 (U Ak) = ZuAk (finite additivity).
k=1 k=1
This property follows from 1) by induction.
1 1
) w ( Ak> < ZuAk (finite semi-additivity).
k=1 k=1

k—1
Let us introduce the sets A} = Ay, A} = Ax \ U Aj |, k=2,3,...,1. Since from each set we
j=1
subtract all the elements that belong to the previous sets, we get A) C Ay, for all k, and A}, N A;- =g

! 1 I
whenever k # j. Obviously, U Ay = U A% =) Aj. Now from the properties 4) and 3) it follows
k=1 j=1 j=l1

1 . !
u(UM)zu(U A§>= pA; <> pAy.
k=1 J=1 1

k=1

o0
WAy, converges, and
=1

o0
8) If AD ) Ay, where A, Ay, € K, k €N, then the series
k=1 k=

pA =Y pAy, (2.2.2)
k=1

!
Since A D 1) Ay for any | € N, so by the properties 3) and 6)
k=1

l l
uA},u(U Ak>:ZuAk, vl e N.
k=1 k=1

o0
This estimate shows that the series > uAjy converges, and by tending ! to infinity we get (9.2.2)).
k=1

The properties 1)-8) exhaust all the properties of additive measures on a ring K. However, these
properties turn to be not enough in a lot of cases, so it is useful to introduce a specific class of measures.

Definition 2.2.2. A measure p defined on a ring K is called countably additive, or o-additive, if it possesses
the following property

9) If A= ij Ay, where A, A, € K, k € N, then
k=1

pA =" pAy. (2.2.3)

k=1

Let us formulate two more definitions (properties).

Definition 2.2.3. A measure p defined on a ring K is called countably semi-additive, or o-semi-additive,
if it possesses the following property
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10) If AC | Ay, where A, A € K, k €N, then
k=1

1A < i,&Ak- (2.2.4)
k=1
Definition 2.2.4. A measure p defined on a ring K is called continuous if it possesses the property
11) If a sequences (Ag)32(C K) is monotone, and lim Ay, € IC, then
w(lim Ay) = lim pAy. (2.2.5)
Theorem 2.2.5. The properties of o-additivity, o-semi-additivity, and the continuity of the measures are
equivalent.

Proof. Theorem asserts that if a measure possesses one of the properties 9)—11), then it possesses the rest
ones.

First, we prove that the property 9) is equivalent to the property 10).

Let the measure u is o-additive. Consider an arbitrary sequence of sets (Ax)32; C K and aset A € K

such that A C |J Ag. Introduce the following new sets
k=1

k—1
A=A A A= (AkﬂA)\ U 4
j=1

It is easy to check that A € K (k € N), Ay A} =2 (k # j), Ay, C A (k €N), and A = OLj A}, Thus,
k=1
by the property 3), one has pAj < pAy (k € N), and by the property 9)

pA =" pA, <> pAy,
k=1 k=1

so 9) = 10).
Conversely, let the measure p is o-semi-additive, and let (Ax)72, € K be a sequence of disjoint sets,

and A = OLj A € K. Then the inclusion A C |J Ag holds, and due to the o-semi-additivity of the
k=1 k=1
measure g we have

pA <Y pAg. (2.2.6)
k=1

On the other hand, the opposite inclusion A D OLCJ Ay holds, as well, so by the property 8)
k=1

pA = pAy. (2.2.7)
k=1

From (9.4.3)—(2.2.7)), it follows that pA is o-additive whenever it is o-semi-additive.

Let us prove now equivalence of the properties 9) and 11). Suppose that p is o-additive. Let a sequence
(Ar)72,(C K) be monotone (see Definition [2.1.20) and A = lim A, € K.
If the sequence (Ay)%2 , increases, then according to Lemma [2.1.21}

0 o
A=lim A, = [ J Ay =) (A \ Apo1) (Ao = 2),
k=1 k=1
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SO

pA = Z,U(Ak \ Ap—1) = lim Z,U(Ak \Ag—1) = mliglmZ(ﬂAk = pAp—1) = lim pAy,

k=1 k=1 k=1

by the properties 3), 4), and 9). Thus, 9) = 11) whenever the sequence (Ax)7°; is increasing.
Suppose now that (Ay)72; is decreasing. Then the sequence (A \ A)52, is increasing, and

lim(A; \ Ag) = U (A1 \ Ap) = 1\<ﬂAk>—A1\limAk.
k=1 k=1

Since the measure u is proved to be continuous for increasing sequences, we have
w(Aq \ lim Ag) = lim p(A4; \ Ag),

or, equivalently,
wAy — p(lim Ag) = lim(pA; — pAy) = pA; — lim pAy,
SO
pw(lim Ag) = im(pAyg).

Thus, we proved the implication 9) = 11).
Conversely, let ;1 be a continuous measure, and let (A)72,(C K) be a sequence of disjoint sets such

e k
that A = Ay € K. Introduce the sets A} =1J A;, k € N. It is clear that the sequence (A})72, is
k=1

= j=1
increasing, and according to Lemma [2.1.21

A= UlAk_ UAk—hmAk
- k=1

Therefore, by the continuity and finite additivity of the measure u, one obtains

pAhmuAkhmu< > 7hrnZuA fz,uAj.

Thus, 11) implies 9), as required. O

Theorem 2.2.6. Let p be a o-additive measure defined on a o-algebra A, and let (Ar)52, be an arbitrary
sequence of elements of the algebra A. Then the measure p possesses the following properties:

12) p(lim Ay) > Tim p Ay,
13) p(lim Ay) < lim pAy,
14) if the sequence (A)3, converges, then
pw(lim Ag) = lim pAy.
Proof. We, first, prove the property 12). From it follows that

A=Tm 4 = ﬂ (UAZ>

k=1

Consider the sequence of the sets B = U A;, k € N that belong to A, since it is a o-algebra by

assumption. As k grows the union U A; decreases, so the sequence (By)52, is decreasing, and lim 4, =
1=k

(| Br = lim By. Since the measure u is continuous by Theorem [2.2.5] we have
k=1

p(lim Ay,) = lim pBy. (2.2.8)
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Consider now the sequence (pAy)52 ;. It is bounded from above by the number yE where E is the
unit of the algebra A, therefore, there exists finite lim uAy. Consequently, in the sequence (A4;)$2, one
can find a subsequence (Ay; )3";1 converging to lim prAy. Since obviously By; D Ay, from and from
the monotonicity of the measure p (the property 3)) we obtain

p(lim Ag) = lim pBy, = lim pBy,; > lim pAy, = lim pAy,
J J

so the property 12) is true. The property 13) can be proved analogously.
Suppose now that the sequence (A)72; converges. Then

mAk = mAk = liIIlAk,
so by the properties 12) and 13)
lim pAy, < p(limAy) = p(lim Ay) = p(limAg) < lim pAy, < lim pAyg,

therefore,
w(lim Ay) = lim p Ay,

as required. O

The difference between the property 11) and the property 14) of measures on o-rings and on o-algebras
is that in the property 11) we have to consider only monotone sequences, while in the property 14) we
avoid this restriction.

Definition 2.2.7. If there is defined a measure on a ring K, then the sets of the ring I are called
measurable w.r.t. the measure pu, or p-measurable.
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2.3 Problems

Problem 2.1. Prove that the definition of the ring given in the class is equivalent to the following one: a
non-empty system of sets IC is called a ring if it possesses the following two properties

1) AABe K= ANBeK;
2) AL BeK=AArBeKk.

Problem 2.2. Let X = {a,b,c} (a set consisting of three elements), and let P(X) is the set of all subsets
of X.

a) Describe all rings that can be constructed with the elements of P(X).
b) Describe all algebras that can be constructed with the elements of P(X).

Problem 2.3. Prove that
a) intersection of rings is a ring,
b) intersection of algebras with common unit is an algebra,
¢) intersection of g-algebras with common unit is a o-algebra.

Problem 2.4. Let A(X) be o-algebra with the unit X, and let X € A(X). Show that the collection of
sets

A(Xo) ={A[Xo: A€ AX)}
is a o-algebra.

Problem 2.5. Let X be a set, and let (E,),en be a sequence of sets such that E,, € X for any n € N.
Prove that L o
X\(imE,) = lim(X\E,); X\(ImFE,) = lim(X\E,).

Problem 2.6. Let X be a set, and M(X) be a o-algebra of subsets of X. Suppose a og-additive measure
w is defined on M(X). Prove that the collection of all subsets of X of measure 0 is a o-ring.

Problem 2.7. Let ¢ be an additive real function defined on a ring of sets K. Prove that
1) if ¢ is finite on at least one element of K, then ¢(@) = 0,

2) for any A, B € K,
P(AUB) 4+ p(AN B) = o(A) + ¢(B),

3) if G is the set of all elements of & such that p(A) is finite for any A € G, then G is a ring.
Problem 2.8. Let a measure p (a nonnegative additive function) be defined on a ring K. Prove that if
u(A s B) =0,

then p(A) = u(B).

Problem 2.9. On the algebra of all subsets of rational numbers in [0, 1], define a measure such that the
measure of each rational number is positive and the measure of the whole set of all rational numbers on
[0,1] equals 1.



Chapter 3

The Lebesgue measure on R"

The Lebesgue measure is a natural extension of the concepts of the length of an interval, of the square
of flat bodies, of the volume of bodies, and it is an extension of the Jordan measure (see homework for
definition) to a more wide class of sets with the additional property of o-additivity. Here we construct the
Lebesgue measure in three steps. First, we define the measure on bricks, then we extend it to the ring £”
of all elementary sets, and then we, finally, extend the obtained measure to a more wide class of sets which
we call the set of Lebesgue measurable sets.

3.1 The measure on bricks

Let K be a brick (see Definition [2.1.8)). The following number
n
m'K = H(bz — ai) (3.1.1)
i=1

is called the measure of the brick K.

From it is easy to see that m'K is the length of an interval for n = 1, the square of a rectangle
for n = 3, and the volume of a parallelepiped for n = 3. It is also clear that if a brick is degenerate, that
is, b; = a; for at least one index 4, then m' K = 0.

The measure of bricks introduced by possesses the following properties:

1) MK >0,

l l
2) K=\J K; = m'K=> 'K,
=1

J j=1

The property 1) is obvious. For brevity, we prove the property 2) for the case R2.
Let, first, the brick K is split into the bricks K; by vertical lines
r=xs, 0<s<p, xg=a1, T, = by,
and by horizontal lines
Y=y, 0SE<q Yo=az, yg=>be, pg=1.
Then we have
1 q
lej = ZZ(% - 96571)(1% - yt71) = (bl - al)(bz - az) =m'K.

1 s=1t=1

J

31



32 CHAPTER 3. THE LEBESGUE MEASURE ON RV

If now K = U K; is an arbitrary representation of K as a union of disjoint bricks K, then we split

the bricks Kj; by vertlcal and horizontal lines drawn along the all sides of all the bricks K;. The obtained
new bricks we denote as K/, 1 <4 < r. Thus,

SO
r l
m'K = E m' K| = g E m'K] | = E m'K;.
i=1 i=1 \i:K/CK; Jj=1
as we showed above.

Remark 3.1.1. Generally speaking, the measure m’ on bricks is not a measure by Definition since
the collection of all bricks in R™ is not a ring. However, one can introduce the notion of semi-rings of sets
(the collection of bricks is a semi-ring) and then to define measures on semi-rings. For details, see e.g. [6].

3.2 The measure on &"

Now we define a measure on the ring £ of elementary sets in R™. Let B be an elementary set (see
Definition [2.1.9). It can be represented (see (2.1.3))) as a union of disjoint bricks K7}

B=J K|
i=1
We set .
mB =Y m'K]. (3.2.1)
=1

First of all, we must show that the measure (3.2.1)) is defined correctly, that is, that mK = m'K for
any brick, and that the value mB does not depend on the representation of B as a union of bricks.
Let

B=UK,

j=1

l r
> m'K; =) m'K]. (3.2.2)
j=1 i=1

To do this, let us introduce the following sets

Kji=K;j(\K/, j=12..1 i=12..r

||
\C*
=

Q
Il
-

We want to show that

The sets K ;i are bricks as intersections of two bricks. Moreover, since the bricks K; and K| are pairwise
disjointﬂ we have
Kj i, ﬂKj'z,iz =g, (J1,71) # (Ja,i2)-
I~
Obviously, K U jforany j=1,...,1,and K] =J Kj; for any i =1,...,r. Since the “measure”
j=1

m/ is additive (see the property 2) of m’) on bricks, one gets

mK Zm G J=1,...,1, m'K’ Zm G =1,

'That is, Kj, N Kj, = @ if j1 # jo, and, respectively, K{l ﬂK{2 = o if i1 # i2.
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Therefore,
l l T l ro__ T . r
UK=Y (URi) =Y Uk =U (u m«) ~yK
j= j=1 \i=

Now from additivity of m’ on bricks, we obtain

l l r l I r l r
> mE; =) (Z mﬁ“) =2 D K= | Xom'K | =) m'KL,
j=1 j=1 \i=1 j=1i=1 i=1 \j=1 i=1
so the identity (3.2.2)) is proved. In particular, from ([3.2.2)), it follows that

mK =m'K

for any brick, since the identity K = K is one of the representations of the elementary set K as a finite
union of bricks. Thus, the measure m is an extension of the “measure” m’ to the ring £" of all elementary
sets in R™.

As well as m/, the measure m possesses the following properties:
1) mB>0, VBe&",

l !
Jj=1 j=1

The first property is evident. Moreover, it is sufficient to prove the property 2) for the case | = 2. So,
T T
let By = Lj K,  and By = Lj K5 ;. Then we have
j=1 j=1

BBy = (UK) U<UK> G0

k2
i=1j=1

SO

Ti

2 T4 2
mB = Z Zm’Ki,j = Z Zm'Ki,j = m31 + mBg.

i=1 j=1 i=1 \j=1

Consequently, the function m defined on the ring £” is a measure according to the Definition [2.2.1
therefore, it possesses the properties 2) — 8) of measures.

Theorem 3.2.1. The measure m on E™ is o-semi-additive.

Proof. We need to prove that if B and By, k € N, are elementary sets, and if B C |J By, then
k=1

mB <Y mB. (3.2.3)
k=1

If the series in the right hand side of (3.2.3)) diverges, then we are done. Suppose now that this series
converges, and fix some number £ > 0. For the set B, one can find a closed elementary set By C B such

that - -
mBy > mB — 5 (324)

It can be done as follows. Let B = LTJ K;. In each brick K; we choose a closed brick Fo,i so that
i=1
€

m/Fg,i > m/Kl' - -,
2r
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and set

_ T

Bo= T
i=1
So, we obtain

mBy = ZmK01>Z(mK _7) ZmK —§—mB—§

Furthermore, for each number k € N; let us choose an open elementary set Bk D By such that

ﬂ%Bk<<Tan%* (&25)

9
2k+1

(It can be done in the same manner as we chose By above.)
Then we have

ByoCBC GBkc Gék.
k=1 k=1

By the Heine-Borel theorem, from every cover of the closed set By by open sets, one can choose a finite
subcover, that is, to choose sets By, j = 1,...,[, such that

l
fi)c LJ‘ékf

=1

As we mentioned above, the measure m is finite semi-additive (satisfies the property 7) of measures).
Therefore,

l
mBy < Z mBkj .
j=1

Now from ((3.2.4)—(3.2.5) we obtain

oo (oo} (oo}
~ € € 5
mB<mBo+ Zm k—l— ZmBk+§<Z<mBk+W)+§:ZmBk+€'
k=1 k=1 k=1
Since ¢ is arbitrary, the inequality (3.2.3]) holds. O

A simple consequence of Theorems and is the following fact.
Theorem 3.2.2. The measure m on the ring E™ is o-additive.

Thus, by the formula (3.2.1)), we define the o-additive measure m on £". Our next goal is to extend
this measure onto a wider class of sets keeping its o-additivity.

3.3 The outer measure
Let A(C R™) be an arbitrary set.
Definition 3.3.1. The number
w*A = inf Zm’Kj : AC UKj (3.3.1)
J J

is called the outer measure of the set A.
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We emphasize that the infimum in (3.3.1)) is taken over all covers of the set A by finite or infinite
collections of bricks. Also notice that u*A can be infinite (for example, in the case A = R"™).
Let us study properties of the measure p*.

)

2)

wWA>0 ACR"
This property is evident.

A1 C Ay = p*Ay < pu*As (The outer measure is monotone).

Since every cover of the set Ay is also a cover of the set Ay, we have

[L*Al = inf Zm'Kj : A1 C UKJ <inf Zm’Kj : A2 C UKJ = [J,*AQ
J J J J

AcC UAk = p*'A< Z,u*Ak (The outer measure is o-semi-additive).
k k
Here (Ax)k>o0 is a finite or countable collection of sets. As we mentioned above, the outer measure
can be infinite. If one of the measures p* Ay, is infinite or all of them are finite but the series Y u* Ay
k

is infinite, then the inequality p*A < Y p* Ay holds. Suppose now that all the measures p* Ay are
k

finite and
Z [L*Ak < +00.
k

Let us fix a number £ > 0. By Definition for every k there exists a collection of bricks (K} ;)32
(finite or countable) such that A, C |J K, ; and
J

« g
) A > Zm’K;w- — 27
J

Moreover, A C | JAx € | J| K5, so by Definition [3.3.1
k kE j

WASYS Ky =30 [ Som K | <Y (At o) <D A
J k J k k

k

Since ¢ is arbitrary, the inequality p*A < > u* Ay holds.
k

A€l = p*A=mA (on & the outer measure coincides with m).

r s

Let A =J K; be an elementary set. Since |J K; is a cover of the set A and since p*A is the
i=1 i=1

infimum over all covers, we have

WAL Zm/Ki = maA. (3.3.2)
i=1

On the other hand, if |JK j' is an arbitrary cover of the set A, then due to o-additivity of the
J

measure m (by Theorem |3.2.1)), one obtains

mA < Zij’- = Zm'Kj’-,
J J
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therefore,

mA < inf Zm’K} : AcC UKj = u*A. (3.3.3)
J J

Now the property 4) follows from (3.3.2)—(3.3.3).

Example 3.3.2. Let A= {a;: a; € R",i € N} be a countable set. Then u*A = 0.

Indeed, let € > 0 be arbitrary, and for every ¢ € N, we take a brick K; such that a; € K; and m'K; < £

i
(for example, K; is the n-dimensional cube with edges of length 3/¢/2%). Thus, we have A C |J K;, and
i

o0 o0 1
prA < Zm/Ki < 62? =g,
i=1 i=1
so u*A = 0, since ¢ is arbitrary.
Let us introduce the class of sets in R™ with finite outer measure and denote it M*(R™), that is,
MR ={ACR": p*A < +o0}.

From the properties 2) and 3) of outer measure, it follows that M*(R™) is a ring, since if Ay, Ay €
M*(R™), then A; |J Az and A \ A2(C A;) also have finite measures, so A; [J A2 € M*(R™) and A; \ A €
M*(R™).

3.4 The Lebesgue measure

Now we are in a position to introduce the Lebesgue measure and the Lebesgue measurable sets on R"™.

Definition 3.4.1. A set A € M*(R") is called Lebesgue measurable if for any ¢ > 0 there exists an
elementary set B such that
p(AAB)<e. (3.4.1)

The class of all Lebesgue measurable sets is denoted as M(R™).

Definition 3.4.2. The function p* restricted to M(R™) is called the Lebesgue measure, and is denoted
L

Our next goal is to show that M(R"™) is a ring, and that the function p defined on this ring is a measure
according to Definition But before that we define the geometrical meaning of Lebesgue measurable
sets. In fact, as it follows from , any Lebesgue measurable set can be approximated by elementary
sets arbitrary accurately. That is, for any Lebesgue measurable set A, one can find an elementary set B
such that A and B protrude from each other “not too far”.

Before we start to solve the intended problem, let us notice the following properties of the function pu.

1) pA>0, VAe M(@R").

This property is obvious.

2) E" C M(R"™), and if A € E™, then uA = mA.

Indeed, if A € £", then according to the property 4) of the outer measure, A € M*(R"™), since
pw*A=mA < +00. Let us set B := A, then for any £ > 0, we have

p(AaB)=p'@=0<e,

therefore, A € M(R™), and by the property 4) of the outer measure pA = p*A = mA.
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Lemma 3.4.3. The following relations hold:
a) (AtUA2) & (BiUBz) C (41 & B1) U(4A2 & By),
b) (A1 A2) & (Bi(1B2) C (A1 & B1)U(A42 & Bs),
¢) (A1\ A2) & (B1\ B2) C (A1 & B1) (A2 & By),
d) (A1 A Ag) A (By A B2) C (A1 A By)U(A42 A Bs).

Proof. We prove here the relations a) and ¢). The relations b) and d) can be proved analogously.

a) Let z € (A1 JA2) A (B1JBz2). Then either z € A;|JAs but & & By |J B2, or z € By Bs but
x g AyJAs. oz e Ay |JAs but © & By | Be, then z € Ay or @ € Ay but « € By and x ¢ By. Therefore,
x € Ay AByorax € Ay A By, If © € Bi|UB2 but ¢ € A;|J Az, then the inclusion a) can be proved
analogously.

¢) Let x € (A1 \ A2) A (By \ Bz). Then either © € A; \ Ay but & By \ Ba, or ¢ € A; \ Ay but
x € By \Ba. If z € Ay \ Ay but « & By \ Ba, then € Ay but © & A, and either z € By and « € Ba, or
2 ¢ Bi. This means that either x € A; A By, or x € As A By. If x & Ay \ As but € By \ Bs, then the
inclusion ¢) can be prove analogously. O

Lemma 3.4.4. For any Ay, Az € M*(R"), the following inequality holds

|p* Ay — pAs| < p* (A A As) (3.4.2)
Proof. Tt is easy to see that A1 C A3 J(A41 A Ag). By additivity of the outer measure p*, one has

prAL < Pt A + (A A As),

that is,
/,L*Al - ,u*Ag < /J,*(Al A Ag)

By interchanging A; and As, we get

prAy — Ay < p(Ar A Ag).
The last two inequalities give us , as required. O
Theorem 3.4.5. The set M(R™) is a ring.

Proof. Due to definition of rings, it is sufficient to prove that if A1, A3 € M(R"), then A; |J A2 € M(R"™)
and A; \ Ay € M(R").

So, let A1, A2 € M(R™). Then for an arbitrary € > 0, one can find elementary sets By and By such
that

* € * €
7 (Al A Bl) < 5 and 17 (AQ A BQ) < 5

Let us denote A := Ay |J A2 and B := By |J Bs. it is clear that Ay, Ay, € M*(R"™), so A € M*(R"™). The
set B is an elementary set as the union of two elementary sets. By Lemma

AABC (Ao B)| A2 By).
Then by the property of semi-additivity of the outer measure, we obtain
E €
w(AAB)<u (A1 A By) + p*(Ax A By) < 5 + 3=6

so A=A;JA2 € MR").
The proof of the fact that A; \ A3 € M(R"™), can be proved in the same manner. O
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Remark 3.4.6. In fact, using Lemma it is possible to prove that if A;, Ay € M(R"™), then A; () Az €
M(R™) and A; A Ay € M(R™). But this also follows from Theorem and the properties 4) and 5) of
rings.

Corollary 3.4.7. The set M([0,1]) of all Lebesque measurable subsets of the interval [0,1] is an algebra.
Proof. Since M([0,1]) € M(R) and [0,1] € M([0,1]), the set M([0,1]) is a ring with the unit [0,1]. O
Theorem 3.4.8. The function p is additive on M(R™).
Proof. We have to prove that if A = A Ay, then

HA = Ay + pAs. (3.4.3)

So, let A1, Ay € M(R™) and A = A;|J As. By Theorem A € M(R™). Since the outer measure is
semi-additive by the property 3) of the outer measure, and since p* coincides with p on M(R"™), we have

pA < pAy 4 pAs (3.4.4)
To prove the opposite inequality, let us fix a number £ > 0 and take elementary sets By and Bs such that

1 (A & By) < % and  p*(As A& By) < <. (3.4.5)

S| ™

Such sets By and Bs exist, since A; and As are Lebesgue measurable by assumption.
Let us set B := B;|J Bs. By assumption 4; (| A2 = &, but B; and B; can have common elements.
However, from Lemma [3.4.3] it follows that

Bl ﬂBQ = (Al ﬂAQ) A (Bl mBQ) C (A1 A Bl) U(AQ A Bg),

SO
* * * 9 3 B 3
m(BlmBg) = U (BlﬂBg) < W (Al ABl)+/,L (A2 ABQ) < 6+6 = g
This inequality together with the property 5) of measures on rings imply
mB = mBy + mBy —m (B1 ﬂBQ) > mB, +mBy — % (3.4.6)
Now, according to Lemma we obtain
mBy 2 pA; — p* (A1 A By) > pAy — %, (3.4.7)
and, analogously,
mBy > MAQ — % (348)

Recall the relation A A B C (A; A B2)|J(A1 A Bs) (Lemma [3.4.3). By semi-additivity of the outer
measure, one has

€
/.L*(A A B) g /,L*(Al A Bg) +/,L*(A1 A Bg) < g,
so from Lemma [3.4.4] it follows that
pA=mB — (A A B)>mB— % (3.4.9)

Now the estimates (3.4.6)—(3.4.9) imply
€ 2e
uA>mB—§ >mB1—|—mB2—§ > pAy + pAy —e.

Since € > 0 is arbitrary, we have
pA = pAr + pAs.

This inequality together with (3.4.4]) implies (3.4.3). O
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Theorem 3.4.9. The measure u defined on the ring M(R™) is o-additive.

Proof. The measure p is the restriction of the outer measure p* to the class M(R™). Since the function
w* is o-semi-additive, so is the measure p on the ring M(R™). Now by Theorem the measure p is
o-additive. O

Theorem 3.4.10. Let A € M*(R™) and A= |J A, where A, € M(R™), k € N. Then A € M(R"™).
k=1

In other word, if the outer measure of a set is finite, and the set can be represented as a countable
union of Lebesgue measurable sets, then it is Lebesgue measurable.

k—1

Proof. Let us set Ay = &, and A} = Ay \ ‘U1 Aj, k € N. It is easy to see that by construction A}, (4] = @
j:

whenever k # . At the same time, every point of A belongs to (at least) one of the sets Aj. Therefore,

A= OLj A, and A; € M(R"), since M(R") is a ring by Theorem [3.4.5
k=1

!
Now, since | A} C A for any [ € N, by the monotonicity of the outer measure (the property 2), and
k=1
by additivity of the Lebesgue measure, we obtain

! l l
St =n (U 4) = (U AL) << v,
1 k=1 k=1

o0
Thus, the partial sums of the series ) pAj} with nonnegative terms are bounded from above, so the series
k=1

oo
> pAj, converges.
k=1
Let € > 0 be an arbitrary positive number. Then there exists a number my € N such that

oo

Z MA;€<§.

k=mo+1

my
The set U0 A} is Lebesgue measurable as a finite union of Lebesgue measurable sets. Therefore, there

(@) o0)-

exists an elementary set B such that
mo o0
AABc<<UA;€>AB)U ) 4.
k=1 k=mo+1

Thus, from the property of o-additivity of the outer measure, we obtain

DN ™

It is easy to check that

mo &
u*(AAB)<M*<<UA;)AB>+ > pAl <S4S <,
k=1 2 2
k=mo+1
as required. O

Corollary 3.4.11. The union of countably many null sets (sets whose Lebesgue measure is 0) has Lebesgue
measure 0, that is, it is a null set.
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Proof. Let A= |J Ap, where Ay, € M(R") and pu(Ay) = 0, k € N. Then due to o-semi-additivity of the
k=1
outer measure, we have

pr(A) < p(Ay) =0.

k=1
Now by Theorem [3.4.10] the set A is Lebesgue measurable, so its Lebesgue measure coincides with its
outer measure and equals 0. O

Definition 3.4.12. A measure p defined on a ring K is called complete if every subset of a null set is
measurable w.r.t. the measure pu.

Thus, if a measure p defined on a ring K is complete, then by the monotonicity of measures, every
subset of a null set is a null set.

Theorem 3.4.13. The Lebesgue measure is complete.
Proof. Let uA =0, A € M(R), and let Ag C A. Then for any € > 0 and for B = @& € £", we have
WAy AB)=p" (A A @) =pwAg S prA=pA=0<e.

Thus, by Definition the set Ag is Lebesgue measurable. O

3.5 Extension of the notion of measurability. The class of mea-
surable sets.

The Lebesgue measure defined above possesses a substantial defect. Namely, only sets with finite (outer)
measure can be Lebesgue measurable. So, many “good” infinite sets left unmeasurable w.r.t. our Lebesgue
measure (e.g. R™, quadrants, strips, interiors of parabolas, etc). Let us eliminate this defect.

Let @l be an n-dimensional cube with the centre at the origin and with edge of length 2[, that is,

Q={r= ()" : |o|<l,i=1,2,....,n}, LER. (3.5.1)

Definition 3.5.1. A set A C R" is called Lebesgue measurable in extended sense, or o-measurable, if for
any [ € N the set A Q) is Lebesgue measurable.

If a set A is o-measurable, then we put
HA = llirilou (Aﬂ Ql) . (3.5.2)

The class of all o-measurable sets is denoted as M, (R™).
Since the sequences A @z increases as [ grows, then the sequences p (A N @l) also increases. There-
fore, the limit in (3.5.2)) exists (but can be infinite).

Theorem 3.5.2. M(R") C M,(R"™).

Proof. Let A € M(R"™). Then for any [ € N, the set A Q1 is a Lebesgue measurable set as an intersection
of two Lebesgue measurable sets. Then by Definition [3.5.1] the set A is o-measurable. O

Theorem 3.5.3. If for a set A € M,(R"™) the limit (3.5.2)) is finite, then A € M(R").

Proof. Let A; := Aﬂ@l, [ € N. The sequence A; is increasing, and

3

A= UAl= J (A \ Ai-a), (Ao = 2).
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Since A € M,(R"), the sets A; are Lebesgue measurable, and since M(R"™) is a ring, A4; \ 4;—1 € M(R")
for any [ € N.
The existence of finite limit (3.5.2)), that is, of llim 1A, means that the following series converges
—00

> AN Ay,
=1

since l l
;u(z‘lz \Aq) = llggo;u(flk \ Apy) = lim ];(Mk — pApor) = lim pA,.

Now from o-additivity of the outer measure, we have

PALY (AN A) =) (A Aiy) < oo
=1 =1

Therefore, A € M*(R"™), so A € M(R") by Theorem O

Theorem [3.5.3] shows that extension of M(R") to M,(R") is made by adding the sets of infinite
measure to M(R™).

Theorem 3.5.4. The set M,(R™) is a o-algebra with the unit R™.

Proof. First, we prove that M, (R™) is a ring. Let A, B € M,(R"), then for any [ € N, the sets Aﬂ@l
and B[ @, are Lebesgue measurable. But

AU Nae=@ANeJsa) € MERM,

and
(A\B)(@Q: = (A Q) \ (B[Q) € M(R").
So A|JB, A\ B € M,(R™). Obviously, R™ is the unit of M,(R"™), therefore, M, (R") is an algebra. It is
left to show that it is a o-algebra.
Consider Ay € M,(R™), k € N, and put A := |J Ai. Then for any [ € N, one has A ﬂ@l € M(R™),
k=1

and
AN Q= <U Ak) NQ = JAQ) c Q.
k=1 k=1

Since ,u*(@l) < 400, by monotonicity of the outer measure we obtain Aﬂ@l € M*(R™). Now from
Theorem [3.4.10| it follows that A Q; € M(R™), so M,(R"™) is a o-algebra. O

Corollary 3.5.5. The set M([0,1]) of all Lebesgue measurable subsets of the interval [0,1] is a o-algebra.

Proof. By Corollary [3.4.7, M([0,1]) is an algebra. If Ay € M([0,1]), k € N, then

o0

A= UAk c [0,1],
k=1

so, as in the proof of Theorem p*(A) < p*([0,1]) = p([0,1]) = 1. Thus, A € M*([0,1]), and
according to Theorem [3.4.10] one has A € M([0,1]), as required. O

Remark 3.5.6. The corollary is true for M(X) where X is a compact set in R™.
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Definition 3.5.7. The triple (X, M, [z) is called a measure space. If i(X) < 400, then the measure j is
called finite. If additionally u(X) = 1, it is called a probability measure. If u(X) = 400, but there exist
(o)
sets X; such that fi(X;) < 400,14 €N, and X = |J X;, then the measure 1 is called o-finite.
i=1

1=

The Lebesgue measure on M, (R") is o-finite.
Now let us discuss how large the class M, (R"™) is.

Definition 3.5.8. Let K; and K> be two bricks, and let K7 and K3 denote their interiors, respectively.
We say that bricks Ky and Ky are almost disjoint if K{ (| KS = &, meaning that they intersect at most
along their boundaries.

Theorem 3.5.9. Fvery open set in R™, n > 1, can represented as a countable union of almost disjoint
closed bricks.

Proof. Let A C R™ be open. We construct a family of closed cubes (bricks of equal sides) as follows.
First, we bisect R™ into almost disjoint closed cubes {Q; : i € N} of side one with integer coordinates. If
Q; C A, we include @; in the family, and if @Q; is disjoint from A, we exclude it. Otherwise, we bisect the
sides of ; to obtain 2™ almost disjoint closed cubes of side one-half and repeat the procedure. Iterating
this process arbitrarily many times, we obtain a countable family of almost disjoint closed cubes.

The union of the cubes in this family is contained in A, since we only include cubes that are contained
in A. Conversely, if z € A, then since A is open some sufficiently small cube in the bisection procedure
that contains z is entirely contained in A, and the largest such cube is included in the family. Hence the
union of the family contains A, and is therefore equal to A. O

From this theorem and from Theorem we now obtain the following fact.
Corollary 3.5.10. Any open set in R™ is o-measurable.

Moreover, it is clear now that closed sets (as complements of open sets), countable and finite unions
and intersections of open and closed sets in R™ are o-measurable.
Recall that for R Theorem has a more improved version, see Theorem

3.6 Borel o-algebra

Definition 3.6.1. The Borel o-algebra B(R™) on R" is the o-algebra generated by the open sets, that is,
BR") :=o(T(R")) = ﬂ {ACPR"): ADT(R") and A is a o-algebra},

where T (R™) is the set of all open sets in R”.
A set that belongs to the Borel o-algebra is called a Borel set.

Thus, the Borel g-algebra is the minimal o-algebra on R™ that contains all opens sets.

Since o-algebras are closed under complementation, the Borel o-algebra is also generated by the closed
sets in R™. Moreover, since R™ is o-compact (i.e. it is a countable union of compact sets) its Borel
o-algebra is generated by the compact sets.

So, all the finite and countable union and intersections of opens and closed sets on R™ (taken in arbitrary
order) are Borel sets.

Proposition 3.6.2. The Borel algebra B(R™) is generated by the collection of closed bricks IC(R™):
B(R") = o(K(R")) := m {ACPR"): ADKR") and A is a o-algebra} .

FEvery Borel set is Lebesque measurable.
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Proof. Since K(R™) is a subset of the set of closed sets, we have o(K(R™)) C B(R™). Conversely, by
Theorem [3.5.9] o(K(R™)) D T(R") , so o(K(R™)) D (T (R™)) = B(R™), and therefore B(R") = o(K(R™)).
From the property 2) of Lebesgue measures and from Theorem we obtain IC(R™) C M, (R™). Since
M (R™) is a o-algebra, it follows that o(IC(R™)) C M (R™), so B(R™) C M,(R"). O

Note that if

iU
j=1

is a decomposition of an open set A into a union of almost disjoint closed bricks, then

AD Y K?
j=1
is a disjoint union, and therefore
ST uKS) < p(A) < 3 (k)
j=1 j=1
Since p(Ky) = p(K;), it follows that
wA) = u(K;) (3.6.1)
j=1

for any such decomposition and that the sum is independent of the way in which A is decomposed into
almost disjoint rectangles.

The Borel o-algebra B(R™) is not complete and is strictly smaller than the Lebesgue o-algebra M, (R™).
In fact, one can show that the cardinality of B(R™) is equal to the cardinality ¢ of the real numbers, whereas
the cardinality of M, (R"™) is equal to 2°. For example, the Cantor set is a set of measure zero with the
same cardinality as R and every subset of the Cantor set is Lebesgue measurable (see Homework). We can
obtain examples of sets that are Lebesgue measurable but not Borel measurable by considering subsets of
sets of measure zero.

Examples of Lebesgue measurable sets that are not Borel sets may also arise from the theory of product
measures in R for n > 2. For example, let N = E x {0} C R? where E C R is a non-Lebesgue measurable
set in R. Then N is a subset of the x-axis, which has two-dimensional Lebesgue measure zero, so N belongs
to M, (IR?) since Lebesgue measure is complete. One can show, however, that if a set belongs to B(R?)
then every section with fixed x or y coordinate belongs to B(R); thus, N cannot belong to B(R?) since the
y = 0 section E is not Borel (because it is not Lebesgue measurable).

3.7 Borel regularity

Regularity properties of measures refer to the possibility of approximating in measure one class of sets (for
example, non-measurable sets) by another class of sets (for example, measurable sets). Lebesgue measure is
Borel regular in the sense that Lebesgue measurable sets can be approximated in measure from the outside
by open sets and from the inside by closed sets, and they can be approximated by Borel sets up to sets of
measure zero. Moreover, there is a simple criterion for Lebesgue measurability in terms of open and closed
sets. The following theorem expresses a fundamental approximation property of Lebesgue measurable sets
by open and compact sets. Equations and are called outer and inner regularity, respectively.

Theorem 3.7.1. If A C R"”, then
w(A) =inf{u(G): ACG, G open} (3.7.1)

and if A € Ms(R"), then
w(A) =sup{u(F): F C A, F compact} (3.7.2)
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Proof. First, we prove . If u*(A) = 400, we are done. Suppose now that p*(A) is finite. If A C G,
then p*(A) < p*(G) by the property 2) of the outer measure, so

p*(A) <inf{u(G): ACG, G open}
It is left to prove the reverse inequality

w'(A) > inf{u(G): ACG, G open} (3.7.3)

Let € > 0. By Definition of the outer measure, there exists a cover of A by bricks K;, i € N, such
that

imm <u(A)+ 5

Let fQ be an open brick such that K; C f(i and

n(K) < pl(K) + 5y (3.7.4)

Then the collection of open bricks INQ, 1 € N, covers A and

is an open set that contains A. Moreover, by (3.7.4) and by o-semi-additivity of the Lebesgue measure,
one has

and therefore
w(G) < p'(A) +e, (3.7.5)

which proves (3.7.3)) since € > 0 is arbitrary.
Next, we prove (3.7.2). If F' C A, then by property 2) of the outer measure u(F) < u(A), so

sup{u(F): F C A, F compact} < pu(A).
Therefore, we just need to prove the reverse inequality
w(A) <sup{p(F): F C A, F compact}. (3.7.6)

To do this we apply the previous result to the complement A€ and use the measurability of A.

First, suppose that A is a bounded measurable set, so u(A) < 400 since there exists a brick such that
A C K, and p(A) < u(K) < 4oo. Let H C R™ be a compact set that contains A. By the preceding result,
for any £ > 0, there is an open set G D H \ A such that

mG) S p(H\A) +¢ (3.7.7)
Then F = H \ G is a compact set such that ' C A. Moreover, H C F|JG and H = AU(H \ A), so
p(H) < p(F) + w(G),  p(H) = p(A) + p(H \ A). (3.7.8)
It follows from (B.7.7)—(3.7.8) that
p(A) = p(H) = p(H\ A) < p(H) — p(G) + & < ul(F) + ¢,

which implies (3.7.6)) and proves the result for bounded measurable sets.



3.7. BOREL REGULARITY 45

Now suppose that A € M, (R"™) is unbounded, and consider A; := A @l, l € R™, where @l is defined
in (3.5.1). By Definition (see (3.5.2))), we have

w(A) = lim u(A). (3.7.9)

=400

If 1(A) = +o0, then p(A4;) — 400 as I — 4o00. Since A; is bounded and measurable, by previous result,
we can find a compact set F; C A; C A such that

w(F) +1 = p(A),
so that p(Fy) — +o00. Therefore,
sup{u(F): F C A, F compact} = +oo,

which proves the result in this case.
Finally, suppose that A is unbounded and A € M(R"), so pu(A) < +oo. From (3.7.9)), for any € > 0
one can choose ! € N such that (4; C Aj41 C A for any 1)

H(A) < (A + .

Moreover, since A; is bounded, there is a compact set F' C A; such that

p(AD) < p(F) + 3.

Therefore, for any € > 0, there exists a compact set F' C A such that
1(A) < p(F) + ¢,
which gives (3.7.6) and completes the proof. O

It follows that we may determine the Lebesgue measure of a measurable set in terms of the Lebesgue
measure of open or compact sets by approximating the set from the outside by open sets or from the inside
by compact sets. The outer approximation in does not require that A is measurable. Thus, for any
set A C R™, given € > 0, we can find an open set G D A such that u(G) — u*(A4) < e. If A is measurable,
we can strengthen this condition to get that u*(G \ A) < ¢; in fact, this gives a necessary and sufficient
condition for measurability.

Theorem 3.7.2. A € M, (R") if and only if for every e > 0 there is an open set G D A such that
p(G\A) <e (3.7.10)

Proof. First we assume that A is o-measurable and show that it satisfies the condition given in the theorem.
Suppose that u(A) < +oo and let € > 0. From (3.7.5) there is an open set G O A such that
w(G) < p*(A) + e. Then, since A is measurable, G \ A is measurable and

i (G A) = p(G\ A) = pl(G) — (G A) = wlG) = 1 (A) = w(G) = (4) < 2,

which proves the result when A has finite measure.
If p(A) = 400, define A, = A Q; C A with @Q; given by (3.5.1), and let € > 0. Since A; is measurable
with finite measure, the argument above shows that for each [ € N, there is an open set G; D A; such that

g
w(Gi\ Ap) < o

oo
Then G = |J Gy is an open set that contains A, and
=1

M*(G\A)ZM*<UG1\A> St (G\NA) Y pt(Gi\A) <e

=1 =1 =1
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Conversely, suppose that A C R™ satisfies the condition of the theorem. Let ¢ > 0, and choose an open
€
set G such that p*(G\ 4) < 7
If u*(A) < 400, then due to semi-additivity of the outer measure

w(@) = p(G) = p" (AJ(G\ A)) < p™(A) + p*(G\ A) < p”(A) + %

So 1(G) < 4o00. By Theorem |3.5.9) one can represent G = |J K;, where K; are almost disjoint closed

=1
bricks, and

w(G) = Zm(m) < 4o0.

Consequently, there exists a number ig € N such that

g
i:%;lm(Kl) < 3
Let B := [j K; € £". Then
(A nB)=p* ((A\B)JB\ A)) < (A\ B) + " (B\ A). (3.7.11)

On the other hand, since A C G, we have

A\ B=A\ (0[(1) - D K,

i=1 i=ig+1

and ‘
B\ A= <UKi>\ACG\A.

Now from (3.7.11]) we obtain

p(AAsB)<p(A\B)+p"(B\A) < p* < D Kz-) + 1" (G\ A) < g+§:s.
i=ig+1

Thus, A € M,(R™).

Suppose now that pu*(A) = +o00. We have to prove that 4; = Aﬂ@l € M(R"), I € N, where Q, is
defined in (B5.1). Any cube Q; is closed by definition. Let us denote by @Qf its interior. Then the set
Gy := Gﬂ@f is open, and we have

G\ A= (6¢NQ7)\ (AN@) € (¢N@)\ (4NQ) = G\ AN @ c G\ A
From semi-additivity of the outer measure we obtain

G\ A) < p(G\A) <z, LeN.

Therefore, A; is a bounded set with finite outer measure for which there exists an open set GG; such that

w(Gi\ 4) < % By the previous result, 4; € M(R"), so A € M,(R"). O

The following theorem gives another characterization of Lebesgue measurable sets, as ones that can be
“squeezed” between open and closed sets.
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Theorem 3.7.3. A € M,(R") if, and only if, for every e > 0 there is an open set G and a closed set F
such that F C A C G, and
WG\ F) <e (3.7.12)

If u(A) < +oo, then F may be chosen to be compact.

Proof. 1If for a given A C R", for any ¢ > 0 there exist an open set G D A and a closed set F' C A such
that satisfied, then by monotonicity of the outer measure we have p*(G\ A) < p*(G\ F) < ¢, so
A € My(R") according to Theorem [3.7.2]

Conversely, let A € M,(R"). Then A° € M,(R"), and by Theorem [3.7.2 given ¢ > 0, there exist open
sets G D A and H D A€ such that

pGNA) <5, p(H\A%) <

| ™

Then, defining the closed set F':= H¢, we have G D A D F and
WG\ F) < (G A) + u*(A\ F) = p*(G\ A) + p* (H \ 4°) <.

Finally, suppose that p(A) < 400 and let € > 0. According to Theorem there exists a compact
€
set F C A such that u(A) < u(F) + 3’ and

e

HANF) = p(4) = p(F) < 5.

As before, from Theorem there is an open set G O A such that

H(G) < p(A) + 5.

It follows that G D A D F, and
WG\ F) = u(G\ A) + u(A\ F) <,
which shows that we may take F' compact when A € M(R"). O

From the previous results, we can approximate measurable sets by open or closed sets, up to sets
of arbitrarily small but, in general, nonzero measure. By taking countable intersections of open sets or
countable unions of closed sets, we can approximate measurable sets by Borel sets, up to sets of measure
Z€ro.

Definition 3.7.4. The collection of sets in R™ that are countable intersections of open sets is denoted by
G;5(R™), and the collection of sets in R™ that are countable unions of closed sets is denoted by F, (R™).

Gs(R™) and F,(R") sets are Borel. Thus, it follows from the next result that every Lebesgue measurable
set can be approximated up to a set of measure zero by a Borel set. This is the Borel regularity of Lebesgue
measure.

Theorem 3.7.5. Suppose that A € M,(R™). Then there exist sets G € G5(R™) and F € Fy(R™) such
that
GDADEF, w(G\ A)=pu(A\F)=0.

Proof. For each k € N, choose an open set Gy and a closed set Fj such that G, D A D F}, and

& =

WG\ Fy) <

Then

i
e
=

G:= ﬁ Gk, F:
k=1

E
I
-

are Gs and F; sets with the required properties. O
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As a corollary of this result, we get that the Lebesgue o-algebra is the completion of the Borel o-algebra
w.r.t. Lebesgue measure in the sense that M, (R"™) is the space of o-Lebesgue measurable sets that differs
from B(R™) only by subsets of Borel null sets, and M, (R") is complete w.r.t. Lebesgue measure.

Theorem 3.7.6. The Lebesgue o-algebra M,(R™) is the completion of the Borel o-algebra B, (R™).

Proof. Lebesgue measure is complete from Theorem By the previous theorem, if A € M,(R"),
then there is a F,, set F' C A such that M = A\ F has Lebesgue measure zero. It follows by the same
theorem that there is a Borel set N € Gs with u(N) = 0and M C N. Thus, A = F|J M where F' € B(R"™)
and M C N € B(R™) with u(N) = 0, which proves that M, (R™) is the completion of B(R™). O

3.8 Invariance properties of Lebesgue measure and non-Lebesgue
measurable sets

A crucial property of Lebesgue measure in R™ is its translation-invariance, which can be stated as follows:
if A is a measurable set and h € R", then the set A+ h = {& + h : x € A} is also measurable, and
p(A + h) = p(A). The invariance of outer measure p* is an immediate consequence of Definition [3.3.1]
since {K;+h: i € N} is a cover of A+ h if and only if {K; : i € N} is a cover of A, and u(K +h) = pu(K)
for every brick K. Clearly, u(B + h) = puB for any elementary set B. To prove the measurability of
A+ h under the assumption that A is measurable, we note that for any € > 0, one can find an elementary
set B such that pu*(A A B) < e. And since p* is translation-invariant (as we proved above), one has
w(A+h) A (B+h)) <e.

In the same way one can prove the relative dilation-invariance of Lebesgue measure. Suppose & > 0,
and denote by dA the set {0z : x € A}. We can then assert that dA is measurable whenever A is, and
#(0A) = 6" u(A). One can also easily see that Lebesgue measure is reflection-invariant. That is, whenever
A is measurable, so is —A = {—x : 2 € A} and u(—A) = u(A).

It also can be shown that the Lebesgue measure is rotation-invariant, see [4, Section 2.8].

Above we mentioned non-Lebesgue measurable sets. But do such sets exists? The following example
answer this question affirmative.

Example 3.8.1 (Non-Lebesgue measurable set). Let us consider the interval [0,27) as the unit circum-
ference I' = {z € C : |z| = 1} on the complex plane (that is, there is one-to-one correspondece between I'
and [0,27)). Then every point ¢ of the interval [0,27) becomes the complex number z = e*#.

Let a be an irrational number. Define an equivalence relation ~ on I' by 29 ~ 21 if 20 = 21 e”k‘”, keZ.
It is easy to see that the relation ~ is reflexive (z ~ z), symmetric (22 ~ 21 = 21 ~ 22) and transitive
(29 ~ 21,23 ~ 29 => 23 ~ 21), so circumference T is split by this equivalence relation into equivalence
classes (each class is evidently a countable set). Let the set ®( contain exactly one element from each
equivalence class, and let

®,, = {ze™* : 2 € D}, mecZ.

We now show that

r=\_J o,. (3.8.1)
mEZ

Indeed, ®,,®; = @, m # [, since if, on the contrary, z € ®,, and z € ®;, then z = 2™ and
z = 2,e™ where 2, 2 € ®. So we obtain zpe™™ = z)e™ or zh = ze™* (M= that is, 2} ~ 20. But
®y contains exactly one element from each equivalence class, so there are no equivalent elements in ®.
Therefore, 2z = 29, so €™ = ™™ or e™(M=Ui = 1 or ra(m —1)i = 2rki, k € Z, or a = 2 € Q, a
contradiction, since « is irrational by assumption. Thus, ®,, (| ®; = & whenever m # I.

On the other hands, every point z € T" belongs to one of the equivalence class by construction. Therefore,
2~ 2y € By, S0 2 = 20€™™, that is, z € ®,,,. Thus, the identity is proved.
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Suppose now that the set ® is Lebesgue measurable. Then each set ®,, is also measurable, and
u®,, = pdPy, m € Z, since P, is obtained from Py by a rotation on I' (a shift on R), but the Lebesgue
measure is invariant with respect to rotations and shifts. The Lebesgue measure is o-additive, so we have

+oo
pul' =21 = Z P,

m=—0o0

However, this equality is impossible, since the sum of the series here is either equals zero (if u®y = 0), or
equals infinity (if u®g = a > 0).
Thus, the set @ is non-Lebesgue measurable.

3.9 Other examples of measures

3.9.1 Lebesgue—Stieltjes measure

Here we shortly describe a generalization of one-dimensional Lebesgue measure, called Lebesgue-Stieltjes
measure on R. This measure is obtained from a non-decreasing and left continuous function F': R — R
by assigning to intervals the following measure

mh(a,b) = F(b) — F(a+0),
mila,b] = F(b+0) — F(a),
mh(a,b] = F(b+0) — Fa +0),
mpla,b) = F(b) — F(a).

Tt is easy to see that the defined measure m’ is nonnegative and additive (in fact, m’ is not a measure
by Definition m since the system of intervals on R is not a ring, see Remark . Note that the
system of bricks on R is the system of intervals. As well, the measure m’ defined on bricks (see (3.1.1)) is
a particular case of m’ as n =1 (in this case, F((t) =t, t€R).

Applying the extension process described in Sections to the function m/,, we define on R the
ring My of sets measurable w.r.t. o-additive measure pup (extension of m'.) which is called the Lebesgue—
Stieltjes measure. The ring M depends on F but it always contains all Borel sets (see [4, Section 2.9], [3,
Section 1.5] for more details). If the function F' has a finite variation on R, that is, if F'(+00) — F(—00) <
+00, then, obviously, My is a o-algebra with the unit R, and pp(R) = F(4+00) — F(—00). Moreover,
it F(+00) — F(—o00) = 1, then the measure pp is called normed but if additionally F(—oo) = 0 and
F(+00) =1, then pp is called a probability measure.

We emphasize once again that if F'(¢t) = t, then up = p is the ordinary Lebesgue measure.

3.9.2 Discrete measure

Let X = {z1,%2,...,Zn,...} be an arbitrary countable set, and let (p,)5>; be a sequence of positive

numbers satisfying the condition
o0
Z Pn < +00.
n=1

For any subset A of the set X we define

mA = Z D (3.9.1)

k: zp,€A

The formula (3.9.1)) defines a o-additive measure m on the o-algebra P(X) of all subsets of the set X.
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If X ={x1,29,...,Zn,...} CR, then we connect this set with the function F': R — R which defined

as follows
F(z)= Y p (3.9.2)

k: zp<z

This function is called a saltus function, because
F(.%‘k + 0) - F(wk) = Pk,

and on the intervals free of points xj, the function F' is constant.
By the function (3.9.2)), one can defined a Lebesgue-Stieltjes measure pp. Such measure is called
discrete measure.
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3.10 Problems
Problem 3.1. Let {4;}; 2] be decreasing sequence of sets from M, (R"), and pAy = 00 (k € N). Can

the set A = m A have
k=1

a) infinite measure;

b) finite positive measure;

c¢) measure 07
Problem 3.2. Given two Lebesgue measurable sets A; and A; on the interval [0, 1] such that pA; +pAds >
1. Prove that u (A1) A42) > 0.

n
Problem 3.3. Given n Lebesgue measurable sets A1, Ag, ..., A, on the interval [0, 1] such that > puAg >
k=1

n
n — 1. Prove that p ( N Ak) > 0.
k=1

Problem 3.4. Given n, construct Lebesgue measurable sets Aj, As, ..., A, on the interval [0, 1] such

n
that > pAr =n—1 and
k=1 .
12 (ﬂ Ak> = 0.
k=1

Definition. A set A € R™ is called measurable in Jordan sense (or simply Jordan measurable) if for any
€ > 0 there exist elementary sets By, By € £™ such that By C A C Bs, and

m(Bz \ B1) < e.
In this case, the (Jordan) measure 7 of the set A is defined as follows:
p’ =inf{mB: AcC B,Bc&"}.
Problem 3.5. Prove that if A € R"™ is Jordan measurable, then it is Lebesgue measurable, and its

Lebesgue measure equals its Jordan measure.

Hint: Prove first the semi-additivity of the Jordan measure.

Problem 3.6. Prove that the set A := Q[[0,1] is Lebesgue measurable but non-Jordan measurable.
Find the Lebesgue measure of A.

Problem 3.7. Find the Lebesgue measure of the Cantor set and prove that any subset of the Cantor set
is Lebesgue measurable.

Problem 3.8. Find the Lebesgue measure of the subset of the interval [0, 1] consisting of the numbers
(of [0, 1]) whose decimal form does not contain a digit n, n =0,1,2...,9.

Problem 3.9. Find the Lebesgue measure of a subset of the interval [0,1] consisting of the numbers
(of [0,1]) in whose decimal form the digit 2 always stays earlier than the digit 3.

Problem 3.10 (The Borel-Cantelli lemma). Let {45} be a sequence of Lebesgue measurable sets such

that
—+o0

ZMAk < +o00.
k=1

Prove that A = limA}, is Lebesgue measurable, and pA = 0.
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Problem 3.11. Find the Lebesgue measure of the subset of the plane square {(z,y) : 0 <2z < 1,0 <
1
x < 1} consisting of points (x,y) such that 0 < sinx < 3 and cos(z + y) is irrational.

Problem 3.12. Find the Lebesgue measure of the subset of the plane square {(z,y) : 0 <z < 1,0 <
x < 1} consisting of points (x,y) whose Descartes and polar coordinates are irrational.

Problem 3.13. Prove that any set of R with positive Lebesgue measure is of cardinality continuum.
Problem 3.14. Prove that the cardinality of M, (R™) is 2¢.

Problem 3.15. Let a set A C [0, 1] is Lebesgue measurable. Prove that the function f(z) = p (A N]0, z])
is continuous on [0, 1].

> (1 1
Problem 3.16. Prove that the set B=[*) |—, = + S
=2 n'n nn-1)

o ABO0])
x—+0 x

C [0,1] is Lebesgue measurable and

3

where a € (0,1).

Problem 3.17. Let A C [0,1] be a measurable set w.r.t. the Lebesgue measure p on [0,1], and let
w(AnN(a,b)) <alb—a), 0 < a<1,for any interval (a,b) C [0, 1]. Prove that uA = 0.

Problem 3.18. Let A C [0,1] and p(A) > 0. Prove that there exists a pair of points x,y € A such that
the distance |z — y| is irrational. Here p is the Lebesgue measure.

Problem 3.19. Let A C [0,1] and p(A) > 0. Prove that there exist a pair of points z,y € A such that
the distance |x — y| is rational. Here yu is the Lebesgue measure.

Problem 3.20. Let a set A(€ R) be non-Lebesgue measurable, and a set Ag(€ R) be of Lebesgue
measure 0. Prove that the set A((A§) is non-Lebesgue measurable. Is the statement true for the case
when A, Ay € R™?

Problem 3.21. Construct a Lebesgue measurable set A C [0, 1] x [0, 1] such that both its projections on
the coordinate axes Ox and Oy are non-Lebesgue measurable.

Problem 3.22. Let p be the Lebesgue measure on R”, A € M, and p(A) > 0. Prove that there exists a
Lebesgue non-measurable set B C A.

Problem 3.23. Construct a o-additive measure on R” such that any subset of R™ is measurable.

Problem 3.24. Construct a set A C [0,1] x [0, 1] measurable w.r.t. the Lebesgue measure on [0, 1] x [0, 1]
whose projections on the axes OX and OY are not measurable w.r.t. the Lebesgue measure on [0, 1].

Problem 3.25. Construct a set A C [0, 1] x [0, 1] which is not measurable w.r.t. the Lebesgue measure on
[0,1] x [0,1] and whose projections on the axes OX and OY are measurable w.r.t. the Lebesgue measure
on [0, 1].

Problem 3.26. Find the (two-dimensional) Lebesgue measure of the set

A= {(x,y) € [0,1] x[0,1] : 2 €[0,1]\Qpp,;; and siny < ;},

where Qo 1) is the set of all rational numbers of the interval [0, 1].

Problem 3.27. Prove that the outer measure is not additive.

Hint: Use Lebesgue non-measurable sets.
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Problem 3.28. Prove that Q € F,(R) and Q ¢ G5(R).

Hint: Using the fact that a set A is dense in R if it has a common point with any interval on R, prove that
a countable intersection of sets in G§(R) dense in R is a set in Gs(R) which is also dense in R. Supposing
that Q belongs to G5(R) find a sequence of Gs-sets dense in R whose intersection is not dense in R that
will give a contradiction.

Problem 3.29. Let
A={(z,y):a<z<b and 0<y< f(x)},

where f(z) is a positive continuous function on [a,b]. Prove that A is measurable w.r.t. the Lebesgue
measure on R? and its Lebesgue measure is

where the integral is the Riemann integral.
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Chapter 4

Measurable functions

In this chapter, we introduce measurable functions and study their main properties as a first step of the
construction of the Lebesgue integral.

4.1 Definition of measurable functions

Let X be a set, M = M(X) be a o-algebra of subsets of the set X, which is the unit of this c-algebra,
and let p be a complete o-additive measure defined on M. In what follows, we call the three (X, M, u)
a measure space (Or a p-measure space).

Definition 4.1.1. A function f : X — R is called measurable on the set X w.r.t. the measure pu (or
pu-measurable) if for any real number ¢ the set X(f > ¢) :={x € X : f(z) > ¢} is y-measurable.

We denote the set of all p-measurable on X functions as S(X, M, u). If it is clear from the context
what measure is used, then we omit the mention of the measure and denote the set of all measurable
functions as S(X).

Example 4.1.2. Let uX = 0. Then any function f : X +— R is measurable on X, since from the
completeness of the considered measure, we obtain for any ¢ € R:

X(f >c¢) e M(X).

Lemma 4.1.3. The function f € S(X) if, and only if, one of the following conditions holds:

X(f >c¢) e M(X), (4.1.1)
X(f <c)e M(X), (4.1.2)
X(f <¢) € M(X). (4.1.3)

Proof. Let S(x), and let ¢ € R. First we show that
~ 1
X(fze=(1X - — . 4.14
#z0=0 (r>c-%) (114

Indeed,

reX(fze)= flz)2c < VkeN f(m)>c—% —

< VkeN CCGX(f(:L’)>C—1><:> x € ﬁX(f(x)>c—1).
k k=1 k

95
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If f € S(X), then any set in the right-hand side of is measurable. Therefore, X (f > ¢) is also
measurable as a countable intersection of measurable sets, since M(x) is a o-algebra by assumption. Thus,
we proved that if f € S(X), then X(f > ¢) € M(X).

Conversely, let the set X (f > ¢) be measurable. Then from the identity (which can be easily checked)

X(f>c):DX(f>c+/1>'

k=1

it follows that f € S(X).
The equivalence of the condition to the inclusion f € S(X) follows from the following obvious
identities:
X(f<o)=X\X(f>c), X(f>c)=X\X(f<o0).

The equivalence of the condition to the inclusion f € S(X) follows from the obvious identities:
X(f<a=X\X(f>0), X(f>¢)=X\X(f<c).

O

Lemma claims that anyone of the conditions 7 can be used in the definition of

measurable functions.

Corollary 4.1.4. If f € S(X), then for any a,b € R, a < b, the following sets are measurable:
X(a<f<b), X(a<f<b), X@<f<bd), X@<f<b), X(f=a).

Proof. Indeed,
X(a<f<b)=X(f <O )X(f =a) € M(X).

The rest assertions of the theorem can be proved analogously. O

Example 4.1.5. Let X = U Xj. Define the function h : X — R putting h(x) = ¢, whenever x € Xy,
k=1

k=1,...,m, where ¢ € R are arbitrary real numbers (that may coincide for different indices). Such
function is called a simple function.
If all the sets X} are measurable, then for any ¢ € R, the set

Xh>c)= | Xk
k: cp>c
is measurable as a union of finitely many measurable sets (if ¢ > ¢, for all k = 1,...,m, then the set

X (h > ¢) = @ is measurable), therefore, the function h is measurable.
If all the numbers ¢, are distinct, then from h € S(z) it follows that Xy, € M(X) forall k =1,...,m.

Theorem 4.1.6. Let X be R or an interval in R. Any continuous function f : X — R is o-Lebesgue
measurable (that is, measurable w.r.t. the Lebesgue measure).

Proof. Let Xy be the set of all interior points of the set X (if X is an interval, then Xy is the same interval
but without the end points). For an arbitrary ¢ € R, consider the set Xo(f > ¢). If this set is empty, then
it is measurable. Suppose now that Xo(f > ¢) # @. Let zo € Xo(f > ¢), and let € := % Since f is

continuous, there exists § > 0 such that for all x € Xo((zo — d,z0 + J), we have |f(z) — f(z0)| < e. So,
flzo) —¢ _ e+ f(xo) S e

f@) > f(xg) —e = flxo) — 5 — 5

Clearly, we can choose § > 0 so small that (zg — d,x0 + ) C Xo, and (zg — §, 20 + 0) C Xo(f > ¢)
as we proved above. Therefore, the set Xo(f > ¢) is open, so Xo(f > ¢) is o-Lebesgue measurable by
Corollary [3.5.10} The set X (f > ¢) differs from X, (f > ¢) by one or two points (the ends of the interval).
But one-point sets (degenerated bricks) are o-Lebesgue measurable, so the set X (f > ¢) is o-Lebesgue
measurable, thus f € S(X). O
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4.2 Properties of measurable functions
Let us now study some properties of measurable functions.
1) feSX),leR = f+1leSX).
Obviously, X(f +1>¢) = X(f > c—1) € M(X) for any real ¢, so f +1 € S(X).
9) feS(X), keR = kf € S(X).

This property follows from the identity

X(f>c/k), k>0,
X(f<celk), k<O,
X, k=0, c<0,
(] k=0, c>0,

X(kf>c) =

)

since all the sets in the right-hand side of this identity are measurable.

To establish the next property, we need the following lemma.
Lemma 4.2.1. If f,g € S(X), then X(f > g) € M(X).

Proof. Let us enumerate all the rational numbers Q = {ry : k € N}. This is possible, since Card Q = a.
Let € X(f > g), that is, f(z) > g(z). Then there exists a rational number ry such that f(z) > ry >
g(x), therefore, x € X (f > rg) (X (9 < 7k), so

oo

X(f>g) C U( (f > k) ﬂXg<7"k))

The converse inclusion is obvious, so we have

X(f>g9) = [OJ( X(f>rme) ng<7'k:))

Since M(X) is a o-algebra by assumption, the right-hand side of the last identity is measurable, so is the
set X(f > g). O

Now we are in a position to establish the next properties of measurable functions.

3) f,ge S(X) = f+geSX).
Clearly,
X(f+g>c)=X(f>—-g+0),
so f + g is measurable by Lemma and by the properties 1) and 2) of measurable functions.

4) feSX) = f?eSX).
Indeed, the set

X(f2 >c)={ X(f>\@)LgX(f<*ﬁ>, Z%

is measurable for any real c.

Note that converse is not true. That is, if 2 is measurable, then this does not mean that the function f
is measurable, generally speaking.
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Example 4.2.2. Let X = [0,1], and X, be a non-Lebesgue measurable subset of X. Suppose that

1, z e Xy,
flx)= ‘
-1, (EEX\X().

The function f is non-Lebesgue measurable, since the set X (f = 1) (which is exactly Xy) is non-Lebesgue
measurable. At the same time, the function f? =1 is Lebesgue measurable on X.

5) fL.geS(X) = [f-geSX).
This property follows from the identity

(f+9?*-/—4¢°
2

f9=
and from the properties 2), 3), and 4).

6) f,ge S(X), gla) A0 for z € X = geS(X).

1
It suffices to prove that the function — is measurable and then to apply the property 5). So, from
g

the identity
X0<g<1l/e), ¢>0,

X(1>c>: X(g>0), c=0,
X(g>0)UX(g<1/c), c<0,

we have E € S(X).
g

Definition 4.2.3. The function

is called the negative part of f.

7) feSX) = [f.fTf € S(X).
This property follows from the identities

X(|f| >¢) = X(f<—UX(f>¢), c=0,
X, c <0,
and ny .
f+:T’ i -

Example [.2.2] shows that |f| € S(X) #= f € S(X).
8) feSX), Xoe M(X) = [ € S5(Xo).

The proof of this property is based on the fact that if A is a o-algebra with the unit X, and if
Xo € A, then A(Xo) :=={ANXo: A€ A(X)} is a o-algebra with the unit X, (see Homework no.4).

Now for any ¢ € R, one has

Xo(f>c)= XoﬂX(f > ¢) € M(Xo).
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10)
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Iff: X»R X=
k=1

then f € S(X).

This property follows from the identity

X, where X, € M(X), an 1<w< 4oo, and if f € S(Xk), 1 <k < w,

X(f>c¢) :UXk(f>c),

k
which can be easily checked.

Let f € S(X) and pX(f = £o00) =0, then for any € > 0 there exists g € S(X) such that g is bounded
on X and pX(f #g) <e.

Consider the sets

A = X([f[> k),  A=X(f==Ho0) = X(|f| = +00).

oo
By assumption, uA = 0. Moreover, A = (| Ag, and
k=1

AlDAQDAgD...

According to Lemma [2.1.21] lim Ay = A, and due to o-additivity of the measure p, we obtain

k—o0
uA:u(lim Ak) = lim pAr =0
k—o0 k— o0

by Theorem [2.2.5] Therefore, for any ¢ > 0 there exists a number N € N such that pAy < e for
any k > N. Introduce the following function on X

B f(z), x€ X\ An,
g(l") N { 0, r € Apn.

It is clear that g € S(x). Moreover, it is bounded, since |g(z)] < N on X. At the same time,
X(f #9)=An,so pX(f #g) <e.

Definition 4.2.4. Some property is said to hold on the set X “almost everywhere” (a.e.) if the set of the
points of X for which this property does not hold, is a null set (a set of measure zero).

For example, the statement “the function f equals zero almost everywhere on the set X” means that
HX(f #0) =0.

Thus, the property 10) shows that any measurable function which is almost everywhere finite on X
becomes bounded if we neglect a subset of X of arbitrary small measure.

4.3 Sequences of measurable functions

In what follows, we consider operations on measurable functions related to passage to the limit. Since
during this process we can obtain infinite values, we extend the set of functions under consideration.
Namely, let us consider functions f : X + R = [~00, +00]. Since we need to operate with infinite values,
let us define the following:

1) a+ (£o0) = £oo, 2) a — (+£o0) = Foo, a € R,

3) (+00) + (+00) = +00, 4) —00 + (—00) = —o0,

5) a- (+oo) =+o00,a >0, 6)a-(foo)=Foo,a<0, 7)0-(foo)=0,

8) (£o0) - (£o0) = 400, 9) (£00) - (Foo) = —00,

1That is, the union can be finite or countable.
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a
10) |+ 00| = 400, 11) — =0, a € R.
)00l =420, 1) g5 =00
, g, ﬁ, a are considered to be meaningless.
+oo’ Foo 0
The definition of measurability for the functions f : X + R is left the same as Definition There-
fore, all the properties proved for measurable functions are valid, provided the corresponding operations
are acceptable.

The symbols (+o00) — (£00)

Theorem 4.3.1. Let (fx)3Z, be a sequence of functions measurable on X. Then the functions sup{fy.},
inf{fr}, im{fx}, Um{fx}, Um fx (if any) are measurable on X.

All the operations mentioned in the theorem are pointwise. For instance, the function f* = sup{fx} is
defined as follows

f (x) =sup{fi(z): keN}, zeX. (4.3.1)

Proof of Theorem[].3.1l First we prove that f* = sup{f} is measurable. To do this, let us establish the
following identity

X(fr<eo=()X(fr<o), ceR (4.3.2)

Assume that € X(f* < ¢). Then f*(z) < ¢, and from (4.3.1) it follows that f;(z) < ¢ for any k € N.
Therefore, z € [ X(fr <¢),s0 X(f*<c)C ) X(fr < o).
k=1 k=1

(oo}
Conversely, if z € (| X(fr < ¢), then fi(z) < ¢ for any k € N. Consequently,
k=1

sup{fr(z) : k €N} = f*(2) <,

that is, x € X(f* < ¢), so X(f* < ¢) D () X(fx < ¢). Thus, the identity (4.3.2) is true, and the
k=1

function f* is measurable by Lemma
The function inf{fj} is measurable, since

inf{fy} = —sup{—fi}-

The function f = limf} is measurable, since

(o) = Tnfu(e) = jut {sup(f(e)} |

ik

From the identity lim f = —m(—fk), it follows that the function f = limf}, is measurable.
If lim f; exists, it is measurable, since in this case

lim fr = limfx = lim fy.

O

Definition 4.3.2. Two functions f and g defined on the set X are called equivalent, or equal a.e., f “= g,
if their values coincide a.e. on X, that is, if

pX(f #g) =0.

Lemma 4.3.3. If f,g: X = R, f € S(X), and f “< g, then g € S(X).
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Proof. Let Xy := X(f # g). By assumption, uXo = 0. Consider the set X; = X \ Xo. The set X7 is
measurable as a difference of two measurable sets. We have X = X, ) X1, and

X(g>c)=Xo(g>c)JXi(g>c)=Xo(g > ) X1(f > o).

Since p is assumed to be a complete measure, the set Xo(g > ¢) is measurable as a subset of the null
set Xo. At the same time, the set X;(f > ¢) is measurable by the property 8) of measurable functions.
Therefore, the set X (g > ¢) is measurable for any ¢ € R. O

Definition 4.3.4. A sequences of functions (f;)72; is said to be convergent a.e. on the set X to a

function f (we write f, =5 f) if

pX(fi 7 f)=0.
Example 4.3.5. Let X = [0,1], u be the Lebesgue measure, fi(x) = x*, and f(x) = 0.
Since lim 2% = 0 for 0 < z < 1, and since lim 1*¥ = 1, we have X(f; 4 f) = {1}. Therefore,

k—4o00 k—+o00

fr &5 f, because p({1}) = 0.
Theorem 4.3.6. If (fi)72, is a sequence of measurable functions, and if fi 2% fon X, then f € S(X).

Proof. Define X1 := X(fy — f) and Xo = X(f 4 f). By assumption, uXo = 0, therefore, the set
X1 = X \ Xp is measurable. Let us consider the following functions:

_ fk(x)v .TIEXl, _ f(l‘), .’EeXl,
gk(‘r) N { 0, r € Xo, g(x) N { 0, x € Xo.

Since uXo = 0, we get fr = g, k € N, and f “€ g. At the same time, g — ¢ on X pointwise.
By Lemma [4.3.3] the functions g; are measurable on X, so g € S(X) as a pointwise limit of measurable

functions, see Theorem Now f € S(X) by Lemma since f = g. O

Theorem 4.3.7 (Egoroff). Let X < 400, and let (fr)72, be a sequence of measurable functions that are

a.e. ﬁm't on X. If fu &5 f, where f is a.e. finite on X, then for any 6 > 0 there exists a measurable
set X5 C X such that uXs < 0, and the sequences (f)32, converges to f uniformly on X \ X5.

Proof. By Theorem [4.3.6] the function f is measurable on X. Let us introduce the following sets

Xo = (U X(fr= ioo)) UXx(h# 5, Xi=X\X

k=0

The set Xy is measurable as a countable union of measurable sets. Moreover, uXg = 0 due to o-semi-
additivity of the measure u, since Xy is a countable union of null sets. The set X; is measurable as
difference of two measurable sets. Therefore, X; is measurable, and additionally, f, fx, k € N, are finite
on X, and fr — f pointwise on X;.

Consider the sequence

gr(x) = | fr(z) — f(x)], k=1,2,3,...

The functions g5 are nonnegative and measurable on X7, and gi(z) — 0 for any =z € X;.
Let (g7)32; be a sequence of positive numbers such that €; — 0 as j — oo. Consider the following sets

Xi; = () Xilar < &) (4.3.3)
I=k

1
2Not necessary bounded! Consider e.g. the functions f(z) = — that are finite a.e. on X := [0, 1] but not bounded on X.
x
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The sequences (X, ;) increases as k grows, since

Xkyj = m Xl(gl < Ej) C m Xl(gl < {-?j) = Xk+1’j.
=k I=k+1

Let us show that
lim X ; =X, i=1,23,... (4.3.4)
k—o0
Let x € X;. Since i lim g =0, then for £; > 0 there exists a number kg such that gi(z) < ¢; for any
—+o0
k > ko . This means that
o0
re () Xilg < &) = Xio s
=k
therefore,
o0
ve )Xy = lim X,
k=1
thus, X7 C klim Xk j. The converse inclusion is obvious, so the identities (4.3.4) are true. Since p is
—00
assumed to be o-additive, it is continuous. Therefore, from (4.3.4]), we obtain

lim pX; ; = pXy, 7=123,...,
k—o0

So, for any j € N there exists a number k£ = k(j) such that

1)
PX N Xk 5) < 55

where § is an arbitrary positive number (here we use the fact that pX; = uX < +00).
The set

X5 =Xo|J | U\ Xii5).5)
j=1

is the set defined in the assertion. Indeed,

oo oo 5
pXs < pXo + Z“(Xl \ Xi(j),;) <0+ Z; %= J.
]:

j=1

If z € X\ X5, then # € Xo, and x ¢ (X1 \ Xy(j),;) for any j € N. But since x ¢ X, we have z € X;.
And since x ¢ (X \ Xj(j),;) for any j € N, we obtain that x € Xj;) ; for all j € N. Thus, from (4.3.3) we
obtain

[fi(z) = f(2)| = gi(z) <&, 1=k(j).
The number k(j) does not depend on z, so fi converges to f uniformly on X \ Xs. O
Example 4.3.8. Consider the sequence fi(x) = sin® 7z, k € N on the set X = [0,1] with the Lebesgue
measure y.

1
It is easy to see that for z € [0,1], = # X sin® rz — 0, so

S =50

1 1
Choose § such that 0 < § < ok and define the set X5 = (2

Obviously, for any € X\ X;, the inequality 0 < sin® 2 < sin® (ﬂ (g — 5)) holds, and sin® (7r (g — 5)) —

1 1 1
—572+(5>,50X\X5: {0,2—6}U[2+(5,1}

0 as k — oo. Thus, the sequence (f;)72; converges uniformly to zero on the set X \ X.
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For sequences of measurable functions one can define one more kind of convergence, the convergence
in measure.
Definition 4.3.9. A sequences (fx)7, of functions measurable on X is said to be convergent to a mea-
surable on X function f in measure (we write fj LN f) if for any o > 0,

pX (Ifx = flZ0) — 0.
k—o0
Let us find interrelation between the convergence almost everywhere and the convergence in measure.

Theorem 4.3.10. Let X < +o0. If a sequences (fx)3, of functions measurable on X converges a.e. to
a function f, then (fix)52, converges to f on X in measure:

e S f = fu 5 f

Proof. By Theorem the function f is measurable. On the contrary, suppose that (fx)52; does not
converge to f in measure on the set X. Then for a certain og > 0 there exist dgp > 0 and a sequence of
indices (k;)52; such that
uX (| fx; — f| = 00) = do, ji=12,3,...
Let
X' =Tm X(fi, = f1 > o0).

Then by Theorem uX’' > 6. So, if x € X', then according to the definition of the limit superior
of a sequence of sets, among indices k;, there exist infinitely many indices such that x € X (| fx, — f| = 00).
This, in particular, means that for infinitely many indices we have |fx, (z) — f(x)| = 0o, that is, fx(z) /—

f(z).
Thus, fi /— f on the set X’ of positive measure, a contradiction, since f; = f on X by assumption.
O

x
Note that we cannot avoid the condition uX < 400 here.Counsider, for example, the sequence f,,(z) = —

n
on R.
However, the converse statement of Theorem [.3.10] is not true.

Example 4.3.11. Let X =[0,1], and u be the Lebesgue measure. Consider the functions

p,i(z) =

where [ =1,2,...,7=1,2,...,1.
Let us represent the functions ¢; ; as one-index sequence as follows:
fi(@) =), fo(x) = p21(2), f3(x) = p2a(x), fa(z)=s1(z), f5(x)=p3(z), ...,

SO

-1
fo@) =),  n=j+> k  1=12..., j=12...,1L
k=1

The sequence f, converges in measure on [0,1] to the function fy(z) = 0. Indeed, every function
fn belongs to a group of functions ¢;; with fixed index [ each of which is nonzero only on the interval
i—1 3 1
[jl’ ‘” of length 7 Thus, if we take o < 1, we get

pX (| fn = fol 2 0) =+ — 0.
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At the same time, for I > 2, and for any x € [0,1] in each group of functions ¢; ; with fixed [, there
exist functions that equal 1 at x and functions that equal 0 at x. Consequently, for any x € [0, 1] the
sequence f,(z) consists of infinitely many 1s and infinitely many 0Os, so it is not convergent at all.

Thus, the sequence f,, converges in measure on [0, 1] to the function fy(x) = 0, but it does not converge
at any point of the interval [0, 1].

However, the following theorem is true.

Theorem 4.3.12 (F.Riesz). Any sequence (f,)5 of functions measurable on X convergent in measure
on X to a measurable function fy contains a subsequence convergent a.e. on X to fo.

Proof. Let (g;)32; and (1;)32, be two sequences of positive numbers such that

j—o0

(o)
g; — 0, an < +o00.
j=1

Consider the sequence of indices
ng<ng <...<n;<...

constructed as follows: The index n; is chosen such that
pX (| fny = fol = 1) <m.

Next we find an index ng > nq such that

pX (| fry — fol = €2) < ma.

If we already have the indices n; < ng < ... < nj_1, then we take an index n; such that
pX (| fn; = fol = €5) <nj-

For any j we can always find an index n; described above, because f, 5 fo by assumption. Since the
process described can be continued indefinitely, as a result we obtain a subsequence ( fn_,»)?iy Let us show

that f,,, =% fo
For brevity sake, we denote X; = X(|fn, — fo| =€), j € N, and define the following set

onﬁszﬁ GXj

1=1 \j=l
Since for any I € N, Xy C |J X, we obtain
j=1
pXo < p X <D ouX; <> o (4.3.5)
j=l j=l j=l
o0
The series ) 1; converges by assumption, so its reminder vanishes, therefore from (4.3.5)) we get pXo = 0.
j=1
Let now = ¢ Xo. Then there exists an index [ such that z ¢ |J Xj, that is, x ¢ X, for all j > [.
j=l
Consequently, for any j > [, one has
[fn; (2) = fo()] <é&j.
Since £; — 0 by assumption, it follows that for any x € X \ Xo, fn,(7) — fo(z). O
j—o0o

In Example [4.3.11] we can take, for example, the subsequence of the sequence (f,,)22 ; consisting only
of functions ;1. This subsequence tends to zero at any point of the interval [0, 1] but the point z = 0.
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4.4 Approximation of measurable functions

In Example we introduced simple functions that play a very important role in the theory of Lebesgue
integral. We recall the definition of these function but using different notations.
The characteristic function (or indicator function) of a subset A C X is the function x4 : X — R

defined by
1 if z€A
XA_{ 0 it a¢A

The function x4 is measurable if and only if A is a measurable set.

Definition 4.4.1. Let X = 6 Ej. Define a function h : X — R as follows: h(z) = ¢, whenever z € E},
k=1

where ¢, € R. The function h is called a simple function. We will represent h in the form
h(z) = ZCkXEk (). (4.4.1)
k=1

Here we suppose that ¢y = 0 if pEy, = +o00.

In (4.4.1) some numbers ¢ can coincide. However, for a given simple function h we can always find
another representation of the form (4.4.1) with distinct numbers ¢;. It can be done as follows. Let ¢, ¢},
.., ¢; be all distinct values of the function h. Define the sets £ = |J Ej, j=1,2...,1. The sets E

k: ck:c;.
are disjoint, since the sets Fj are disjoint. So, we obtain a new (evidently, unique) representation of the
function h:

l
h(z) = Z cixe; (@), (4.4.2)

where all ¢ are distinct.
As it was noticed in Example if all the sets Ej, are measurable, then the function h is measurable.
Moreover, the sets E; are measurable if, and only if, the function A is measurable.

Theorem 4.4.2. (on approzimation) Any nonnegative function measurable on X can be represented as
the limit of a non-decreasing sequence of nonnegative measurable simple functions.

Proof. Let f € ST(X), where ST(X) = ST(X, M, ) is the set of all nonnegative functions measurable
on X. The measure p is o-finite on X, so

+oo
X = UXZ,
=1
WhereXnggng,g"-.

For | € N, consider the truncations

f(z) it zeX; and f(z) <,

Fi(x) = l if zeX;, and f(z)>1,
0 otherwise.
Then,
Fi(z) & f(x), as | — o0 Vo € X. (4.4.3)

For a fixed | € N, we partition the range of Fj(z), namely [0,1], as follows. We divide the interval [0, ]
into subintervals

I =

k-1 k
ol 7ol

>, k=1,2,...,1-2",
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and consider the sets

and
k k—1 k
X=X |—<F<=)=X < -, k=1,2,...,1-2
bk l<2 l<21) l( 2l f<21>
Obviously,
1.2¢
X=X oJ| U Xk |-
k=1
We consider the simple functions
, xr € Xl707
hi(z) = kE—1
o TE Xk,

and prove that the sequence (h;){°; is non-decreasing and convergent to f.

a) The sets X; 5, k = 1,2,...,1- 2!, are measurable by Corollary Therefore, for each [ € N, the
function h;(x) is a nonnegative measurable simple function.

b) Compare now the function h; and h;y;. If the point € X is such that f(x) < [, then there exists an

k—

index k, 1 < k < 1-2' such that z € X and hy(x) = - When we consider the function h;41, we divide
2k—2 2k—1 2k—-2 k-1

each interval I; j into two parts. Therefore, either f(x) € [Qlﬂ’ 2l+1) (so hyy1(z) = oo = T)7

or f(x) € 2/;7“17 ;ﬁ) (so hyy1(x) = %) In both cases we have h;y1(x) > hi(x).

If Fi(z) =1 for a given x € X; (that is, f(z) > 1), then hi(x) =1, and hj41(x)
x € X, hi(z) < hig1(z), and since hy(z) = 0 for any = € X \ X, one has hj(z) <
Thus, the sequence (h;);°; is non-decreasing on X.

¢) Let us show now that hy(z) * f(z) as | — oo for any = € X.

Let x € X. For any € > 0 there exists [y € N such that for any [ > Iy,

> 1= hy(x). So, for any
hit1(z) for any z € X.

0< f(z) — F(z) < g (4.4.4)
by ([£.4.3). On the other hand, for Fj(z) <[, so there exists a number k = k(I) such that bl < Fi(z) €
5. At the same time, h;(z) = k;l 1, SO

0< Fi(z) — h(z) < % (4.4.5)
Thus, there exists I; € N such that for any [ > [; we have

0< Fi(z) — h(z) < g (4.4.6)
Now from and we obtain that

0< fz) —h(z)<e
for any { > max{ly, 11}, so hy(z) / f(x), as required. O

Corollary 4.4.3. If f is a nonnegative bounded measurable function, then there exists a non-decreasing
sequence of simple functions convergent to f uniformly on X if pX < 4oo.
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Proof. If pX < 400, then we can construct the sequence h;(z) without introducing the truncations Fj(z).
Since f is bounded, there exists a number Iy such that f(z) <lp on X. Then for the sequence (h;)72,
constructed in the proof of Theorem the inequality (4.4.5)) holds for any [ > [y and for any x € X. O

Let us establish some additional approximation theorems for measurable functions.

Theorem 4.4.4. Let f € S(X) and let f be a.e. finite on X. Then for any € > 0 there exists a bounded
function g € S(X) s.t. uX(f #g) <e.

Proof. Let X,, = X(|f| > n), and Xoo = X(|f| = 00). By assumption uX., = 0. Moreover,

X1 DXsDX3D -+, Xoo:ﬂXn: lim X,,.
n=1

n—oo

Since p is o-additive, by Theorem we have
X = lim pX,.
n—oo

So, given € > 0, there exists N > 0 s.t. uX, < ¢ for any n > N. Now define the following function

_ flz), zeX\Xup,
g(x)_{ 0, aeXny.

This is a desirable function, since g € S(X), |g(z)| < N on X, and the X (f # ¢g) = Xn is of measure not
exceeding €. O

Remark 4.4.5. Thus, every measurable a.e. finite function becomes bounded outside of a set of arbitrary
small measure.

Measurable functions can also be approximated by a class of piece-wise constant functions called step
functions.

Definition 4.4.6. A function f of the form
f(.’IJ) = Z CjXKj (‘T)a
j=1

where K, j =1,...,m, are bricks in R", and ¢; are some real numbers, is called a step function.

Step functions are particular cases of simple functions. But unlike simple functions, every step function
is measurable.

Theorem 4.4.7. Let f € S(X). Then there exists a sequence of step functions (¢x)5>, that converges
to f(x) a.e. on X.

Proof. By Theorem [£.4.2] every nonnegative measurable function can be represented as a limit of a non-
decreasing sequence of simple nonnegative functions. It is clear that an arbitrary measurable function can
also be approximated by simple functions. Indeed, if f € S(X), then f = f* — f~, where f* and f~
are nonnegative measurable functions. Then by Theorem there exist two non-decreasing sequences
of simple nonnegative functions (hy,)5; and (g,)5; such that

ff(@) = lim hy(z)  f~(x) = lim gn(z), z€X.
Now for the functions ¢, (x) = hy,(z) — gn(z) we obviously have

[Yn(@2)] = [hn(2)] + |gn(2)] < [$nia(2)] and  lim o (z) = f(z) Ve X.

n—oQ
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Thus, it is enough to establish that if A is a measurable set with finite measure, then f(z) = xa(z)
can be approximated by step functions. By Definition [3.4.1] for any € > 0 there exists an elementary set
B s.t. u(A A B) < e. As we mentioned in Lecture ??, the elementary set B can be represented as follows

m
B = U Ki7
i=1

where K; are some bricks. Consider the step function

= z XK; (:C)

Then we have that uX (f # 1) < e. Consequently, for every k € N, there exists a step function 9 (z) s.t.

1
if By, = X(f # vx) then pXji < ok Consider now the limit superior of the sequence (Ex)32 :
E= ﬂ U E,.
k=11=k

It is easy to see that j ( U El> <27F so pE = klim 1 <U El) = 0. We thus obtain that
=k —oo" \1=k

1=

xa(z) = lim ¥y (z) Ve X\ E,

and pE = 0, as required. O

Now we are in a position to show that measurable functions can be approximated by continuous
functions. First we prove the Luzin theorem stating that any a.e. finite measurable function on X is
”nearly” continuous.

Theorem 4.4.8 (Luzin). Suppose f is measurable and a.e. finite on X, and uX < 4+o0o. Then for any
€ > 0 there exists a closed set F. C X such that

WX\ F.)<e
and [ is continuous on F. (that is, the restriction f\F of the function f to the set F. is continuous on F; ).

By f| p, We mean the restriction of f to the set F.. The conclusion of the theorem states that if f is
viewed as a function defined only on F., then f is continuous. However, the theorem does not make the
stronger assertion that the function f defined on X is continuous at the points of Fy.

Proof. By Theorem there exists a sequence (f,,)5, of step functions so that f, ==+ f on X. Then
for every n € N we may find sets X,, so that uX, < on and f, is continuous outside X,,. By Egorov’s

theorem [4.3.7, we may find a set Ae on which f,, — f uniformly and pAde < g Then we consider the set
3 3

FOZA\@X”)

n=N

x 1 €
for N so large that Z wXn = > on < 3 Now for every n > N the function f,, is continuous on
n=N

Fy thus f (being the umform limit of (f,,)22,) is also continuous on Fy. To finish the proof, we merely
need to approximate the set Fy by a closed set F. C Fpy such that u(F \ F.) < %, that is possible by
Theorem B.7.11 O

Thus, any measurable function is continuous outside of a set of arbitrary small measure. The next
theorem gives us a tool for approximation of measurable functions by continuous functions.
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4.5 Problems

Problem 4.1. Let f € ST(X). Prove that \/f € S*(X).
Problem 4.2. Let f € S(X). Prove that /f € S(X).
Problem 4.3. Let f € S(X). Is sgn f measurable?

flx) it |f(@)] < " Is [f(x)], measurable?

Problem 4.4. Let f € S(X), and let [f(z)], = { 0 if |f(z)|>n

Problem 4.5. Prove that if the set X(f > r) is measurable for any r € Q, then f is measurable. Is
converse statement true? Explain the answer.

Problem 4.6. Prove that if for any a,b € R either the sets X (a < f < b), or the sets X (a < f < D), or
the sets X (a < f < b), or the sets X(a < f < b) are measurable, then f € S(X).

Problem 4.7. Let a function f : R™ — R be continuous, and the functions g : R+— R, k. =1,...,n, be
measurable on R. Prove that the function & : R — R defined as follows

h(x) = f(g1(x), s ,gn(ac)),

is measurable.

Problem 4.8. Prove that if { fi,(2)}{2; € S(X), then the set of points # € X such that lim fi(x) exists

k— o0
is measurable.

Problem 4.9. Let the function f : [0,1] — R be differentiable on [0,1]. Prove that its derivative (the
function f’:[0,1] — R) is Lebesgue measurable.

Problem 4.10. A complex-valued function f : X — C (f(z) = u(z) + iv(x), u,v : X — R) is called
measurable if its real and imaginary parts v and v are measurable. Prove that the absolute value and the
argument of a complex-valued measurable function are measurable functions.

Problem 4.11. Let {f,}12 € S(X), f, =5 f and f,, =% g on X. Prove that f = g on X.

Problem 4.12. Let {f,}1> € S(X), fn = f and f, -+ g on X. Prove that f “= g on X.

n=1

Problem 4.13. Let X = [0, 1], and p be the Lebesgue measure on X. Let f,, = e ™ n € N, and fy =0.
Prove that f, —— fo on X.

Problem 4.14. Let X = [0, 7], and u be the Lebesgue measure on X. Let f, = (sinnz)”, n € N, and
fo = 0. Prove that f, - fy on X. Does {fn :;i‘j converge to fo = 0 almost everywhere on X?

Hint: Use the followig Chebyshev’s theorem:

Theorem 4.14.9. For any irrational number o and for any real number B the inequality
3
lag —p— Bl < -
p

has infinitely many solutions (p,q), where p € N, q € Z.

Problem 4.15. Prove that the sequence f,(z) = |sinnz|"" does not converge to fo = 0 a.e. on X = [0, 7]
if 0 < @ < 2. Does it have an a.e. limit if & > 2?7 For what values of « does it converge in measure?

Problem 4.16. For any § > 0 find the “Egoroff set” Xs (uXs < d) such that the sequence f,(z) =
L%, z € [0,7], n € N, converges uniformly on [0, 7] \ X;.
14+ n2sin”x
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Problem 4.17. For any ¢ > 0 find the “Egoroff set” X5 (uXs < 0) such that the sequence f,(z), z € [0, 1],
n € N, converges uniformly to f =0 on [0,1] \ Xs. Here

—n(l—z 2nx "
a) fu(x)=c¢ @ ); b) fu(z) = m% b) fu(z) = m%

9 1

n-x, 0<xr < —,

2 1 %

d) fn(x): nQ(’I’Lx)’ E<x<ﬁa
2

0, —<z<1.
n

Problem 4.18. For any § > 0 find the “Egoroff set” Xs (uXs < §) such that the sequence f, =

1
n (q/x + o ﬁ), x € [0,1], n € N, converges uniformly on [0, 1]\ X.

Problem 4.19 (Lusin’s theorem). Suppose f is measurable and finite-valued on X, and uX < 4o00. Then
for any € > 0 there exists a closed set F. C X such that

X\ Fe) <e

and f is continuous on F; (that is, the restriction f| of the function f to the set F; is continuous on F).
Hint: Use approximation of measurable functions by simple functions and Egorov’s theorem.
P.S. This problem actually says that every measurable and a.e. finite function is nearly continuous.

Problem 4.20. Let X be a compact set in R", and let F' C X be closed. Suppose that 1) is defined and
continuous on F. Prove that there exists a function ¢(x) defined on X satisfying the following properties

a) o(x) is continuous on X;
b) ¢(z) = ¢(z) for any © € F;

¢) max |p(x)| = max [¢(z)|.
Using this fact and Problem prove that for any f € S(X) with uX (f = +00) = 0 and for any € > 0,
there exists a function g(x) continuous on X such that uX(f # g) < e, and if | f(z)| < M, then |g(x)| < M.

Problem 4.21. Construct a non-decreasing sequence of Lebesgue measurable simple functions h,(z)
converging to a function f(z) on X where

a) f(z) =e G X =0, +-00);
b) f(z) = >, X =1, +00);
1

1

d) f(z)= m7

X = [0, +00);
Problem 4.22. Prove that a function f monotone on an interval [a,b] C R is measurable (w.r.t. the
Lebesgue measure).

Problem 4.23. Let (X, M, u) be a measure space, and A € M with u(A) < +o0o. Suppose that f
is a finite measurable function defined on A. Prove that the function g(¢t) = pA(f > t) is non-strictly
decreasing (non-increasing) and right-continuous on R.



Chapter 5

Integration theory

In definition of the Lebesgue integral of a measurable function, we approximate the function by simple
functions. By contrast, in definition of the Riemann integral of a function f : [a,b] — R, we partition the
domain [a, b] into subintervals and approximate f by step functions that are constant on these subintervals.
This difference is sometime expressed by saying that in the Lebesgue integral we partition the range, and in
the Riemann integral we partition the domain. This trick allows to extend the set of integrable functions.
Moreover, the Lebesgue integral is defined in R™ identically for any n, while the Riemann integral must be
defined first on R, and then extended to R™, n > 2. For functions defined on an abstract measure space,
the Riemann integral is not defined at all.

Let (X, M, u) be a measure space, where the measure p is supposed to be o-additive and complete.
And let S(X, M, ) = S(X) be the set of all functions p-measurable on X. In what follows we assume
all the considered sets to belong to the o-algebra M and all the considered functions to be measurable
(unless otherwise mentioned).

We construct the Lebesgue integral into three steps: First, we define the integral for simple functions,
then we extend it to all nonnegative measurable functions, and then to all measurable functions.

5.1 Integral of simple functions

Let h be a measurable simple function such that all the sets in its representation (4.4.1) are measurable
and of finite measure.

Definition 5.1.1. The expression
/h(ac)du = ch,uEk (5.1.1)
% k=1

is called the integral of the simple function h over the set X w.r.t. the measure u. Here we use the
convention that 0 - oo = 0.

One can verify that the value of the integral in (5.1.1) is independent on the representation (4.4.1]).
Indeed, among all the representations of the function h there exists a unique representation (4.4.2) in
which all the numbers ¢} are distinct. Following the way of construction the representation (4.4.2), one

m l l
Sewm=3d [ U wm )= U 5] =S
k=1 j=1 k: cp=c j=1 k: ck:c'j j=1

Thus, the integral of a simple function does not depend on its representation.

Let us study some properties of the integral of simple functions.

71
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1) If uX =0, then /h(m)du =0.
X

2) /ah(w)d,u = oz/h(x)d,u Yo € R.
X X
These two properties immediately follow from the definition of the integral.

3) /(hl(x) + hao(x))du = /hl(:ﬂ)du+/h2(m)d,u.
X X X
Let

m
(@) = exm (@) ha@) =3 e (@)

k=1

Consider the sets
Ey; =B Ej, k=1,2,....m j=12 ...
Clearly,
l m m
Ep={) Erj,  Ep=U By, X=U) U By
j=1 k=1 j

It is also easy to see that hy(z)+he(x) = cp+cjif v € By j, k=1,2,...,m, j = 1,2,...,l. Therefore,
the function hq(x) + ho(z) is simple, so

m 1 m l

l m
/(hl(x) tho(@) =YY (ck+uEr; =Y x> pErj+ Y &Y pEy; =
k=1 j=1 =1 k=1

4 k=1 j=1

m

= chuEk + ZC;ME; = /hl(:ﬂ)du + /hg(l‘)d/.l,.
k=1 j=1 4 4

4) If X = X' J X", then
/h(x)d,u:/h(x)d,u—l-/h(x)du.

X X/ X//
Let h(z) = > ckxp, (z). Consider the sets
k=1
Ep=X'(\Ew, E/=X"(\Ex, k=12,...,m

Then we have Ey, = E, UE/, k=1,2,...,m, and

[ b@du= 3" enBi =3 luBi + uEf) =S cunki+ Y- ki = [ ha)du+ [ hia)d
e k=1 k=1 k=1 k=1 X

X//
5) If hi(z) < ho(z) for all x € X, then

X/ h () dp < / ho () dp.

X

If h(z) > 0 on X, then, clearly, /h(x)dﬂ > 0. Therefore, /(hl(x) — ha(z))dp > 0, and the

X X
property 5) follows now from the properties 2) and 3).
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6)

If a non-increasing (i.e. non-strictly decreasing) sequence of nonnegative simple functions (hy)S2 4
converges to 0 almost everywhere on X, then

lim [ hy(z)dp = 0. (5.1.2)

n—oo
X
If uX = 0, then we are done, since all the integrals equal zero.

Suppose now that 0 < uX < 4oo. The simple function hy(z) has only finitely many values (in
its range), therefore, it is bounded, so there exists a number M > 0 such that hy(z) < M on X.
Since the sequence (h, )22 is non-increasing and nonnegative, we have

0<hp(zx) <M, neN, zeX. (5.1.3)

Fix a number ¢ > 0 and define § := ﬁ By Egoroff’s theorem, Theorem [4.3.7] there exists a

measurable set X5 C X such that uXs < ¢ and the sequence (h,,)S2; converges to 0 uniformly on
X \ X5. So, there exists a number ng € N such that for any n > ng

€
Consider the following simple function
M, z € Xy,
he(z) =
_° . reXx\X
2IJ/X, S

From (5.1.3)—(5.1.4) it follows that h,(z) < h.(z) for any € X whenever n > ng. So by the
property 5), one has for n > ng

OS/hn(I)dué/hs(év)dufM HXs e X\ X) <
X X
<M —— pX =M S
2ux oM T2 °

Finally, if uX = 400, then there exists X; C X such that uX; < 400 and h;i(z) = 0 for any
x € X \ X;. Since the sequence of non-negative simple functions h,(z) is non-increasing, we have
that hy,(z) =0, n € N, for any « € X \ X;. Now by the previous result, we have that (5.1.2) is true.

If a sequence (hy,)22, of nonnegative simple functions is non-increasing and

ngrfoo hy(2)dp = 0, (5.1.5)
b'e
then h, =50 on X.

As before, suppose pX > 0 (otherwise, the assertion is trivial). Since the sequence (h,)22; is
non-increasing and is bounded from below, it converges at any point = of the set X. Let

g(z) = lim hy,(x), z e X.

n—-+oo

The functions h,, are nonnegative on X, so is the function g(z), that is, g(x) > 0 for any z € X. It
suffices to show that g(z) “= 0 on X.
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Indeed, it is clear that

XO:X(g#O)=UX<g>]1€>:UXk.
k=1 k=1

On the contrary, suppose that there exists an index ko such that uXy, = do > 0, and consider a
simple function hy defined as follows.

1
k7’ x GXkO,
0
ho(z) =
0, x € X\ X,y

For the function hg, one has

The property 5) now implies

1 1
/hn(@d/ﬁ?/ho(ﬂ?)du: ?'MX0+0'M(X\X0)=I?'50 >0, n €N,
0 0
X X

where we use our convention that 0-oo = 0. This contradicts with the condition (5.1.5)), so X =0
for all £ € N. From o-additivity of the measure p we have

pXo < ZNXk =0.
k=0

5.2 Integral of nonnegative measurable functions

If f € S*(X) (that is, f is nonnegative and measurable on X), then by Approximation Theorem [4.4.2]
there exists a non-decreasing sequence of nonnegative simple functions (h,,)2; convergent to f on the set
X. By the property 5) of integral of simple functions the sequence of integrals

/ ho(2)dp

X neN
is non-decreasing and has a limit (finite or infinite).

Definition 5.2.1. The expression

n——+00
X

/f(w)du= lim /hn(:c)du (5.2.1)

is called the integral of the nonnegative function f over the set X w.r.t. measure p.

If /f(a:)du is finite, then the function f is called integrable (or summable) on X. The set of all
X

nonnegative integrable functions on X is denoted LT (X, M, X), or, briefly, LT (X) if the measure p is
defined in advance.

Let us emphasize once again that the integral exists for any nonnegative measurable function but it
can be infinite. o

Before we start to study properties of the integral of nonnegative functions, we have to prove that
the integral is defined properly. Namely, we have to prove that it is independent on the sequence
(hn)S2; which we use to approximate f. We prove even a more general fact.
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Theorem 5.2.2. Let f,g € ST(X) and f(z) < g(z) for any x € X. Suppose that (h,)2, and (v,)2, are
non-decreasing sequences of nonnegative simple functions approzimating the functions f and g, respectively.
Then

i < I . 2.
ngrfw hn(z)dp < ngrfw vp (2)dp (5.2.2)
X X
Proof. Consider the difference hy, — v, for a fixed index k, n € N. Since the sequences (v,)5%; is non-

decreasing, the sequence (hy — v,,)22 is non-increasing, so it has limit as n — 400

i (o) —va(a) < lim(F(2) —va(a)) = f(2) — g(x) <O
for any z € X.
Additionally, the sequence (hy — U"):GN of positive parts of the sequence (hy — v, )nen is non-increasing
as well. Therefore,
lim (hg(2) — va(z))T =0

n—+oo

for all x € X.
By the property 6) of integrals of simple functions, we have

. . + _
Jim [ () = v, (@) du =0,
X

From the inequality (hy(z) — v, (z)) < (hi(z) — va(x))T, it follows that

ngrfoo (hi(z) —vp(2z))du < 0. (5.2.3)
X

Here the integral (finite or equal —oo) exists, since the sequence of integrals is non-increasing by the
property 5). From (5.2.3]) we obtain

/ he(x)dp < Tim / on (@)t
X

n—4oo
X

From this inequality, we get (5.2.2) as k — +00. O

If we put g(x) := f(x) and take two different non-decreasing sequences of nonnegative simple functions
approximating f, we get by Theorem ([5.2.2)) that, on one hand,

. < .
X X

and, on the other hand, interchanging h,, and v, (we can do this because of symmetry)

lim /vn(x)d,ug lim ho (x)dp.

n——+00 n——+o0o
X X

Consequently,

lim / Un(z)dp = lim / ho(2)dp.

n—-+o0o n—-+oo
X X
Thus, the definition of integral of nonnegative measurable functions does not depend on the non-
decreasing sequences of simple nonnegative functions approximating these functions. Moreover, this fact
implies that for any nonnegative measurable simple function i(z), Definition of the integral coincides

with Definition [5.2.1} since we can put in Definition hn(x) := h(x).

Now we are in a position to study properties of integral of nonnegative measurable functions.
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If uX =0, then /f(x)du = 0 for any nonnegative function f.
X

On a null set any function is measurable, since the measure p is assumed to be complete (see
Example 4.1.2)), so f € ST(X). The property is obvious for simple functions, and can be proved for
any function f in S*(X) by passage to the limit (when we approximate f by simple functions).

If a > 0, then

[af@dn=a [ s
X

X
Moreover, if f € LT(X), then af € LT (X).
If f(z) >0, then af(z) >0 for any x € X. If h,, / f, then ah,, * af. Therefore,

/afdu = lim /ahnd,u =a lim /hndu = oz/fdu.
n—-+oo n—-+00
X X X X

The second assertion is obvious.
If f,g € ST(X), then
Jt@+snau= [ f@an+ [ gwyin,

X X X
and if f,g € LT(X), then f +g € L*(X).
Let h, / f and v, / g. Then h, +v, ~ f+ g, and

/ (F@) + g@)dp= tim [ (ha(@) + vn(a))dp =

n—-+o0o
X

X
~ tim_ / ha(x)dp+ i / vn(@)dp = / F@)du+ / g(@)dp
X X X X

The second assertion follows from the proved identity.

If X =X"JX", where X', X" € M(X), then

[ t@au= [ s@an+ [ swin,
X X’

X"

and f € LT(X) if, and only if, f € LT(X') and f € LT(X").

If h, / f on X, then h,, / f on both X’ and X”. Conversely, if b}, / f on X’ and h!! ~ f X",
then we set h,(x) := h. (z) for z € X', and hy,(x) := hl(z) for z € X" to get hn(x) S f for z € X.
It is left to use the property 4) of integral of simple functions and pass to the limit as n — +o0.

If f(z) < g(x), x € X, then
/f(x)du < /g(x)du-
X X

In particular, if g € LY (X), then f € LT(X).
This property is, in fact, Theorem
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6) If f € LY(X), then uX(f = +o00) = 0. In other word, a nonnegative integrable function on X is
finite almost everywhere on X.

Suppose that it is not true. Then pXg = a > 0, where Xg = X(f = 4+00). Consider the following
sequence of simple functions:

() = n, x € Xy,
Tl 0, ze X\ Xo.

Since f(z) = hy(x) for z € X, n € N, then by the property 5), one has
/f(sr:)du}/hn(x)du:/ndu:n-a Vn € N.
X X Xo
The number a is positive, therefore, the integral [ f(x)du cannot be finite, a contradiction, since
f € LT(X) by assumption. *
7) (Chebyshev’s inequality) If f € LT(X), then

pX(rz0 <y [ f@dn veso

X
Let ¢ > 0. Denote X, = X(f > ¢). Then we have
/f )y = /f it [ f@dnz [ f@)dn > enx.
X\ X, X

as required.

8) If f € ST(X) and /f(x)du =0, then f(x) =0 almost everywhere on X.
X

3

1
It is easy to check that X (f > 0) = X <f > ) By Chebyshev’s inequality we obtain
1 n

n

pX(f}i) gn'/f(x)duza
X

Due to o-additivity of the measure u, we have

X(f>0) < i ( ):0.

n=1

/f(:v)du= /g(ﬂc)du.
X X

So f e LT (X) if, and only, if g € LT (X).

Let X' = X(f #¢g) and X" = X \ X”. By assumption uX’ = 0, and by construction f(z) = g(x)
for any € X”. From the properties 4) and 1) we have

/f(x)dﬂz/f(x)dﬂJr/f(l“)du:/g(:r)du+ /g(x)d,u:/g(x)d,u.

9) If f = g on X, then
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o0

Theorem 5.2.3 (B.Levi). Let f(z) = Z fr(x), where fr, € ST(X), k € N. Then f € ST(X), and

/ x)dp = Z/fk dp. (5.2.4)
X k=1%
Proof. Let sn( ) = > fr(z). By the property 3) of measurable functions, we have s,(z) € ST(X).

k=1
Therefore, E ST (X) by Theorem as the limit of measurable functions. It is left to prove the

identity ([5.2.4

Since f(x) 2 sn(z) for all n € N and = € X, by the properties 3) and 5) of integral of nonnegative

functions, we have
/ e / 5n(2)dp = Z / fila

/f(w)du > Z/fk(:c)du~ (5.2.5)
X k=1x

Let us now prove the opposite inequality. Let (h;w-)jo’;l be a sequence of nonnegative simple functions
such that hy ; ' fi as j — oo, k € N, for any x € X. Consider the functions

2) =3 hin(z)
k=1

The functions g, (x) are nonnegative measurable simple functions as sums of nonnegative measurable simple
functions. Moreover, the sequence (g, )22 ; is non-decreasing, since

If here n — 400, one obtains

n+1

n
gn+1 Z hy n+1 Z hk,n = gn )
k=1

therefore, the sequence (g,,)5 ; converges on X to a function g which is nonnegative and measurable by

Theorem m
Let us fix n € N and take an arbitrary p € N. Then

n+p n+p

th n+p th n+p —gn+p(x) < ka(x) < f(l')
k=1
As p — +00, we obtain
z) =) fi(@) < g(w) < f(2)- (5.2.6)
k=1

Since 2141_1 sn(xz) = f(x), then from (5.2.6) it follows that g(z) = f(z) for z € X. Consequently,
gn(x) 2 f(x) for all x € X. So we get by definition of the integral

[ t@au= 1m_ [ <dufngrfoo/2hkn <
X

X

[ =t 3 [ =55 s
/3

k=1%

This inequality together with (5.2.5) imply the identity (5.2.4]). O
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Remark 5.2.4. Both parts of the identity (5.2.4]) can be infinite.

Corollary 5.2.5. If (f,)%2, is a monotone non-decreasing sequence of nonnegative measurable functions,
and f(z) = hril fulx), x € X, then
n—-+0oo

/f(w)du= ngrfw/fn(w)du- (5.2.7)
X X

Proof. Consider the functions ¢1(z) = f1(z), vr(x) = fr(x) — fr—1(x), k = 2. The functions ¢x(x) are

)
measurable and nonnegative on X, and f(x) = > ¢r(z). So by Levi’s theorem, Theorem [5.2.3] we have
k=1

n

/f )dp = Z/sok ngrwa/sok( :nggloo/Zsok :ngrfm/fk(w)du
X

k=1x =lx

Remark 5.2.6. Both parts of the identity (5.2.7)) can be infinite.

Theorem 5.2.7 (Fatou). Let (f,)22; be a sequence of nonnegative measurable functions on X. Then

/hmfn hm/fn (5.2.8)

X

Proof. For any x € X, we have

i (0) = sup { ut {1} |

neN
Introduce the functions g, (x) = égf {fx(z)}. Then it is clear that

gn(x) < frla), Vre X, VneN. (5.2.9)

The sequence g, (x) is non-decreasing, since the number of terms in the sequence {f,(z) : k > n}
decreases as n grows. Consequently, the limit lirf gn(x) exists, and
n—-+0oo

n——+00

o) = sup{n(0)) = sup { i (Fu(0)) | =l £ o).

Now from Corollary it follows that

/mfn(x)dp = /ngrfoogn(x)du = ngrfoo/gn(x)du. (5.2.10)
X X X
The sequence (X/ fn(z)du has the limit inferior (finite or equal to +o00), since its terms are
nonnegative. So there exists a subsequences of indices (n;)52; such that
lisn [ fu(o)dn = tim [ £, (2)a (5.2.11)
J—+oo
X X

Now from (5.2.9)—(5.2.11)) we obtain
/mfn(z)du = lim gn(x)dp = lim [ g, (x)dp < lim /fnj )dp = hm/fn

n—-+oo Jj—+oo j——+oo
X X
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Corollary 5.2.8. Let a sequence (f,)22, of nonnegative measurable functions on X converge to a non-
negative function f a.e. on X, and

[f@ausc.  nen
X

Then
/ f@)dp < C
X

Proof. Indeed, the function lim f,, is nonnegative by assumption and is measurable by Theorem [4.3.]]
Since f “E lim f,(=lim f,,) on X by assumption, the function f is measurable as well (by Lemma 4.3.3)).
From the property 9) of integral of nonnegative functions and from Theorem we obtain

[ r@in= [ fu@yin <t [ @ap<c, new
X X X

as required. O

Example 5.2.9. Note that in (5.2.8) strict inequality is possible. To show this, let us consider the
Lebesgue measure p on the interval [0, 1], and the sequence

Then we have

/fn(x)d,u:n-;—l—O-(l—l):l, Vn € N,

(0,1]

therefore, lim / fo(x)dp = 1. At the same time,

[0,1]

f(a:):hmfn(m):{ +o00, x=0,

0, O0<ax<l1.

so f(x) “ g(z) =0 on [0,1]. Thus, / fz)dp = / g(x)dp =0, and we get
[0,1] [0,1]

0= /mfn(x)du < m/fn(x)dﬂ =)

X X

5.3 Integral of measurable functions

Let f be an arbitrary measurable function on a set X. Then it can be represented as follows
fl@) = f(z) = [~ (2),

where fT and f~ are defined in Definition m
The functions f* and f~ are nonnegative and measurable on X by the property 7) of measurable
functions.
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Definition 5.3.1. The expression
[ t@dn= [ t@dn [ £ @an (5.3.1)
X X X

is called the integral of the function f over the set X w.r.t. measure u.

From the definition it follows that the integral (5.3.1]) does not always exist. In fact, the following four
cases are possible:

1) The integrals /f+(x)du and /f_(x)d,u are finite, so /f(x)du is also finite.
X X be

2) The integral /f*'(m)du is infinite but the integral /f_(x)du is finite. In this case, the integral
X b'e

)[f(x)du = +00.

3) The integral /f+(ac)du is finite but the integral /f_(x)du is infinite. In this case, the integral
X

X
X/f(x)du = —o0.

4) The integrals /f+(x)du and /f*(x)d/,t are infinite. In this case, the integral /f(x)du does not

) X X X
exist.

Definition 5.3.2. A measurable function f is called (Lebesgue) integrable (or summable) on X w.r.t.

measure g if /f(x)du exists and finite.
X

The set of all integrable functions on X is denoted L(X, M, X), or, briefly, L(X) if the measure p is
defined in advance. It is clear that L1 (X) C L(X), and that f € L(X) if, and only if, f*, f~ € LT (X).
Let us study properties of the integral of measurable functions.

1) If uX =0, then /f(m)du =0 for any function f.
X

This property follows from the property 1) of integral of nonnegative functions.

2) The function f is integrable on X if, and only if, the function |f| is integrable on X. Moreover, if
f € L(X), then

/ f(@)du| < / |F(@)ldp (5.3.2)
X X

Indeed, let f € L(X), then f*,f~ € LT(X). Since |f| = f* + f~, we obtain |f| € LT(X) by the
property 2) of integral of nonnegative functions.

Conversely, let |f] € L*T(X). Since fT(z) < |f(z)| and f~(z) < |f(z)| for any z € X, by the
property 5) of integral of nonnegative functions we get f+, f~ € LT (X), so f € L(X). The inequal-
ity (5.3.2)) follows from the fact that |f| = f* + f~.
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X X X X X

3) If f = g and the integral /f(x)du exists (but can be infinite), then the integral /g(l’)d,u exists,

X X

)Z F (@) = ! 9(@)dp

a.e.

Since f =" g, we have f* = g% and f~ < g=, s0 g*, 9~ € L*(X) by the property 9) of integral
of nonnegative functions.

and

Corollary 5.3.3. If f € L(X), f = g on X, then g € L(X).

4) If f € L(X), then uX(f = +o0) = 0.

If fe L(X),t hen fT,f~ € LT(X), and by the property 8) of integral of nonnegative functions we
have uX (f* = +o00) =0 and uX(f~ = +00) =0, so

X(f = £00) = pX(f* = +o0) | JuX(f~ = +00) =0
due to additivity of the measure pu.

5) If X = X' U X", where X', X" € M(X), and the integral /f(x)d,u exists, then
/f )it = /f i+ [ Fla)d (5.3.3)
X//
If the integral /f(a:)du exists, then one of the integrals /f+(x)d,u or /f_(a:)du is finite. With-
out loss of generality we can suppose that the integral / fT(x)du is finite. Then both integrals

/f*(x)d,u and / fT(x)du are finite, so both integrals in the right-hand side of (5.3.3)) exist. The

identity (5.3.3)) now follows from Definition and from the property 4) of integral of nonnegative
functions.

Remark 5.3.4. Existence of both integrals in the right-hand side of (5.3.3)) does not imply the existence
of the integral /f(x)du.

Example 5.3.5. Let

—o00, x€X”,

f(a?):{ 400, x€ X',
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and pX’ > 0, uX” > 0. Then

[r@dn=ro0. [ rwau= o,
J

but the integral /f(x)du does not exists.
X

Corollary 5.3.6. If f € L(X) and X = X' J X", where X', X" € M(X), then f € L(X') and f € L(X").
Conversely, if f € L(X') and f € L(X"), then f € L(X). In both cases the identity (5.3.3) holds.

6) If the integral /f(x)d,u exists and o € R, then the integral /ozf(x)d,u exists, and
X X

[as@in=a [ f@n.
X

X

If the integral / f(z)dp exists, then in the right-hand side of the identity
X

[ t@dn= [ rr@du- [ £ @
X X X

one of integrals is finite. Without loss of generality, suppose that / fT(x)du is finite. Furthermore,
X

af<x>={ of (@) —ef (s), a20,

we have

lalf~(z) — la[f*(z), a<O.
Therefore, by Definition [5.3.1]

[aft@du~ [af @dn az0

/ozf(a:)d,u = (5.3.4)
X

X X
/ ol () dps — / ol f+(@)dp, < 0.
X X

By the property 2) of integral of nonnegative functions, in (5.3.4), the integrals with f* are finite,
so the integral in the left-hand side of (5.3.4)) exists. Moreover, by the same property,

o fHaydp—a | f(@dy, a0,
[rromee]

o] / = @)dp — |of / Fr@)dp, a <.
X X

—a ( [rr@in- | f(x)du> ~a [ f(@n

X X
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Corollary 5.3.7. If f € L(X), then af € L(X), a € R.

7) If the integrals /f(x)du and /g(x)du exist, and if at least one of them is finite, then the integral

X

/(f(l‘) + g(x))dp exists, and

X

/U@»+¢@MM=/}mMu+/@umM (5.3.5)

X X X

Without loss of generality, suppose that the integral / f(x)du is finite. Then the integrals / fH(x
and / f~(z)dp, and one of the integrals / x)dp and / x)dp are also finite. Without loss

of generality, suppose that the integral / g" (z)dpu. By the property 4) of integral of nonnegative

X
functions, integrals of f~ and fT over any measurable subset of X are finite, as well. We must prove

that one of the integrals /(f(x) + g(z))Tdu or /(f(a:) + g(x)) " dp is finite, and then prove the

identity (5.3.5]).

We split the set X into the following six subsets

X X

X1:X(f20,g>0), X4:X(f<0,g<0),

Xo=X(f>0,g<0,f+9g>0), Xs=X(f>0,9<0,f+9<0),
X3=X(f<0,920,f+g=>0), X5 =X(f<0,920,f+g<0).

6
It is clear that X = J X; and

j=1
3
f(@) + g(@), U Xj,
(f+9)t = irs
Oa = U 'E
j=4
3
07 = U 7
(f+9) = s
~(fa) +9@). X =0 X;.

On the set X; the functions f and g are nonnegative. Therefore, by the property 3) of integral of
nonnegative functions, one has

i@+ gt@ndi= [ s+ [ gt (5.3.6)
X1 X1 X1

Moreover, all the integrals here are finite by assumption.
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On the set X5, we have —g(z) < f(z), and the integral / f(z)dy is finite by assumption. Therefore,
X2
the integral /(—g(x))du is also finite, so /g(m)d,u is finite by the property 6). Furthermore, in the

X X2

f(@) = (f(z) + g(x)) + (—g(2))
both functions in the right-hand side are nonnegative on Xs, so by the property 3) of integral of
nonnegative functions and by the property 6) we get

identity

[ f@n= [ (s + g(edu - [ g(a)dn

Xo Xo
/ (F(2) + g(@))du = / f(@)dp + / o(z)dn. (5.3.7)

All the integrals here are finite by assumption.

On the set X3, we have g(x) = (f(z) + g(x)) + (—f(x)) where both functions in the right-hand side
are nonnegative, so as above

[ot@au= [+ g@ydn~ [ sy
X3

X3 X3
/ (F(x) + g(a))dp = / f (@) dp + / o(z)dp. (5.3.5)
X3 X3 X3

Moreover, all the integrals in (5.3.8) are finite by assumption.

According to the property 4) of integral of nonnegative functions, we now obtain

3
/ ((2) + g() " dp = / (f(@) + gz))Hdu + / 0 dp=Y / (f(2) + g(@)dp.  (5.3.9)
Jj=1 X,

X 3 6
U X; U X
j=1 j=4

On the set X4, we have —(f(z) + g(z)) = (—f(z)) + (—g(x)) where both functions in the right-hand
side are nonnegative, so by the property 3) of integral of nonnegative functions and by the property 6)
we get

J@ +g@ydn= [ s+ [ gtz (5.3.10)

X4 X4 Xa

By assumption the integral /f(z)du is finite, but /g(ac)d,u can be equal to —oo, so the integral in

X4 X4
the left-hand side of the identity (5.3.10)) is either finite, or equal to —oo.
Analogously, for the sets X5 and Xg we obtain

/ ((2) + g(2))dp = / F(@)dp+ / o(e)dp (5.3.11)
X5 X5 Xs
/ (F(2) + g(@))dp = / F(@)dp+ / o(e)dp (5.3.12)
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Moreover, the integral in the left-hand side of (5.3.12) is finite by assumption, while the integral in
the left-hand side of (5.3.11}) can equal —oc.

Now by the property 4) of integral of nonnegative functions and by the property 6) we have

6
Jt@ gy di= [ 0-aus [ =@+ g@du= =Y [(H@)+g@)dn, (5313)
X =4

X

3 6
U X U X
=1 i—4

J

where the integral on the left-hand side can be either finite or equal to +oo.

Thus, we proved that the integral / (f(z) 4+ g(x))du exists. Now from the property 5) and from the

identities 7 one obta)i(ns
/ (F(2) + g(2))dp = / (F(2) + g()) " dp — / (F2) + g(2)dpu =" / (f(z) + glx))dp =

X X X i=1x,

= i /f(x)dwr/g(x)du = /f(fv)du+/9(x)du-

1
J X;

Other situations (when integral of f is infinite but the integral of g is finite and so on) can be proved
analogously.

Remark 5.3.8. In the conditions of the property 7) there can appear such a situation when the sum
f(x) + g(x) is not defined at some points of the set (for instance, when f(x) = 400 but g(z) = —o0).
However, by the property 4) the set of such points is a null set (for example, in the proof of the property 7)
we had puX(f = £oo) = 0), therefore, by the property 3), we can change the function whose integral is
finite to another function which is equal to the function we change a.e. on X and is everywhere finite on X
(leaving the same notation for the new function). After that the sum f(x) 4+ g(x) is defined everywhere
on X but the value of the integral / (f(z) + g(x))du remains unchanged.

X
Corollary 5.3.9. If f,g € L(X), then f + g € L(X).
8) If f(x) < g(z) a.e. on X, then
/f(x)d,ug/g(ac)du, (5.3.14)
X b'e

provided both integrals exist.

Without loss of generality we can assume that f(x) < g(z) everywhere on X. Otherwise, we redefine
either one or both functions on the null-set where the inequality f(x) < g(z) fails. According to the
property 3), this operation does not affect existence and values of the corresponding integrals. It is
clear that

fra)<gt(@), f@)=g9(x), zeX.

By the property 5) of integral of nonnegative functions, we have

/f+(33)dM< /g+($)du, /f‘(m)du} /g_(x)du.
X X X X

Now we subtract the second inequality from the first one to obtain ([5.3.14]).
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9) If | f(x)] < g(x) a.e. on X, and g € L(X), Then f € L(X), and

/f(:v)du < /g(x)du (5.3.15)

X X

Without loss of generality we can assume that | f(x)| < g(z) everywhere on X. Otherwise, we redefine
either one or both functions on the null-set where the inequality |f(z)| < g(x) fails. According to the
property 3), this operation does not affect existence and values of the corresponding integrals. The
inequality follows from the property 5) of nonnegative functions and from the property 2).

Corollary 5.3.10. If a function f is measurable and a.e. bounded on X, and uX < 400, then f € L(X).
Moreover, if m < f(x) < M a.e. on X, then

m-puX < /f(x)dﬂ < M- pX. (5.3.16)
s

Proof. Since |f(z)| < max{|m|, M} =: C a.e. on X, and the simple function h(z) = C is integrable on X,
the function f is integrable on X, as well. To prove (5.3.16)), consider the simple functions hq(x) = m and
ho(x) = M on X. We have hy(z) < f(x) < ho(z) a.e. on X. Now (5.3.16|) follows from ([5.3.14)). O

Remark 5.3.11. By Theorem [4.4.4] every a.e. bounded measurable functions is Lebesgue integrable. So
every a.e. finite measurable function is integrable out of a set of arbitrary small measure.

10) (Absolute continuity of integral) If f € L(X), then for any € > 0, there exists § > 0 such that

/f(x)du <e

for any subset X5 C X with pXs5 < 6.

Due to the property 2), it is enough to prove the absolute continuity of integral of nonnegative
functions. So, suppose that f € LT (X), and fix £ > 0. By Definition of integral of nonnegative
functions, there exists a nonnegative simple function h such that h(z) < f(z) on X and

[ r@in [ nwrin= [t~ nenin < 5

b'e X
Let h(z) = > ckxp, (v), and M = max{c, : k=1,2,...,m}. Take the number § := ﬁ, and let
k=1
X5 C X be such that pXs5 < 6. Put hs = M on X, then h(z) < hs(x) for all z € Xj, so by the
property 4) of integral of simple functions, we have

/h(:r)du < /hg(x)dp = M- puXs=M- 2i - g
X5 X5
Thus, we obtain

/f(x)du= /f(x)du— /h(x)du+/h(x)du: /(f(x)du—h(;v))du—&-/h(x)du <
X5 X5

Xs Xs Xs Xs

< [@ - hiandu+ [ ha)dn <+ 5 =<,

2 2
X Xs

as required.
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11) (Complete additivity of integral) Let f € L(X) and the set X can be represented as X = OLj Xk,
k=1

where all the sets X;, are measurable. Then

Suppose first that f € LT(X) and set

_ f(l'), ‘TGXka
Ji(@) _{ 0, zeX\ X

All the nonnegative functions f; are measurable on X by the property 8) of measurable functions,
and

fl@)=> fulx), zeX.

k=1
Now by Levi’s Theorem [5.2.3] we have
[t@dn=3" [ ntwau=3" [ s
% k=1% k=13

If f is an arbitrary integrable function on X, then f = fT — f~, and the functions f* and f~ are
integrable and nonnegative on X. Therefore,

fH(x)du = 3 fH(x)du, f(z)dp = 3 I~ (z)dp. (5.3.17)
X/ z ;X/ z )Z z ;)4 z

Since both series in the right-hand side of the identities (5.3.17] 3 1 j converge, we obtain

[s@an= [ @i [ rwam=3 (’/ 7 ()~ / @) =3 [ st
X X X k=1 A

le

Proposition 5.3.12. Let X = OLj Ey, B, e M(X), k€N, and
k=1

2= anxe, ()

The function f € L(X) if, and only if

o

Z lan|pnE, < 400

n=1
Proof. 1t is sufficient to prove the proposition for the case when f > 0 on X. So a; > 0, k € N. Consider
h

n
the simple functions h,(x) = > arxg,(x). Clearly, the sequence (h,)5; is non-decreasing and

lim h,(z) = f(z).

n—-+4oo
Now by Definition [5.2.1 we have
/ f@)dp = lim [ hn(2)dp= lim Z / axXp, (w)dp = lim Z appBy, = Z a1 Ey.
X X
Thus, f € LT(X) if, and only if, the series Z appE) converges. O

k=1
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Theorem 5.3.13 (Lebesgue’s Dominated Convergence Theorem). Let a sequence (f,)S2 of integrable
functions on X converge to a function f almost everywhere on X. If the inequality |fn(z)| < g(x), n € N,
holds almost everywhere on X, and g(x) € L(X), then f € L(X), and

/f(x)duzngrfm/fn(x)du- (5.3.18)
X X

Proof. From the conditions of the theorem it follows that |f(x)| < g(z) a.e. on X, so f € L(X) by the
property 9). If necessary, we redefine the functions f,, and f on sets of measure zero, so that f,, converges
to f everywhere on X (this operation does not affect the value of the integrals of these functions), and the
inequality |fn(x)] < g(z) holds everywhere on X.

Applying Fatou’s Theorem to the sequence (g + f,)%2; of nonnegative functions on X, we get

/m( (@) + fulz 11m/ )+ fula (5.3.19)
X

Now since f,(x) = f(z) on X, we have
n—-+0o0

lim(g(z) + fn(x)) = lim(g(z) + fu(2)) = g(z) + lim fu(z) = g(z) + f(2),
so the left-hand side of has the form

/g(x)du+/f(x)du- (5.3.20)

X X

At the same time, the right-hand side of (5.3.19)) have the form

/g(x)du+m/fn(w)du~ (5.3.21)
X X

From (5.3.19)(5.3.21) we obtain
/f(x)du <liim/fn(w)du- (5.3.22)
X X

Now let us consider the sequence (g — f,,)52; of nonnegative functions on X. In the same way as above,

one can prove that
- [ s <t (- [ pueyin)
X X

/f(w)du > H/fn(x)du- (5.3.23)

From (j5.3.22)) and (5.3.23)) it follows that hm f fn(z)dp exists and the identity (5.3.18) holds. O

or

5.3.1 Invariance Properties

Definition 5.3.14. Let f be a function defined on R™. The function f., defined as f.(z) = f(z —¢) is
called the translation of f by a vector ¢ € R"™.

The following theorem is true.
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Theorem 5.3.15. Let f € L(R™). Then f. € L(R™), and

[ = pdn= [ f)an (5.3.24)

Rn Rn

Proof. Suppose first that f(z) = xa(x), where A is a measurable set. Then obviously f.(x) = x 4., where
A. ={x+c: x € A}. In this case, the assertion of the theorem holds, since uA = pA, as we proved in

Section [3.8] and
/far—cdu jA, = pA = /f

Rn

As a result of linearity, the identity (5.3.24) holds for all simple functions.
Now if f(z) is non-negative and (h,(z))52; is a sequence of simple functions that increase pointwise

a.e to f (such a sequence exists by Theorem [4.4.2), then (h,(z — ¢))22, is a sequence of simple functions

that increase to f.(x) pointwise a.e, and Corollary implies (5.3.24) in this special case. In general
case, we represent the function as f = fT — f~ where the nonnegative functions f* and f~ are defined in
Deﬁnltlon Since the assertion of the theorem holds for f* and f~, it holds for the function f. O

In the same way one can prove the following theorem.

Theorem 5.3.16. Let f € L(R™). Then f(az) € L(R™) for a € R\ {0}, and

/ f(az)dp = |a] ™" / F(@)dp. (5.3.25)
Rn Rn

5.4 Difference between Riemann and Lebesgue definite integrals

One can compare the Riemann and Lebesgue integrals only if both are defined, that is, if X is rectifiable
set in R™ and p is the Lebesgue measure. For the sake of simplicity, let us consider the case X = [a,b]. I

what follow, we denote Lebesgue integral as ( / f(x)dx instead of / f(x)du, omitting the symbol (L)

[a,?]
b

whenever it is clear that we use Lebesgue integration. As well, we denote Riemann integral as (R) / f(x)dx

a
To define Riemann integral, one needs to divide the integration domain into [ parts Iy. Then, in each

l
part we choose a point and consider the integral sum o = > f(&)|lx|. The Riemann integral exists, that
k=1
is, the integral sums converge if the arbitrariness of choosing points & does not affect the value of the
integral sum, that is, if the integrand f is not “too discontinuous”.
Lebesgue’s approach to integration is different in essence. Let us state it briefly. Suppose that f be a
bounded Lebesgue measurable function on [a, b], and set

=inf{f(z): x € [a,b]}, M :=sup{f(z): x € [a,b]}.

Split the interval [m, M] into several parts by points m = yo < y1 < y2 < ... < y = M, and put
X :={x € [a,b] : yr—1 < f(z) < wyg}, k=1,...,1. Then we choose points & € X and construct the
1

following integral sum o = Z F &) nXk.
Furthermore, one introduces the lower and upper integral sums, s = Z Yk—1-uXp and S = Z Y- Xk

k=1 k=
whose properties are similar to the ones of the lower and upper Darboux sums. It can be proved that for
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any bounded Lebesgue measurable function on [a, b], the following identity holds

b
l—1>1-ri-noos N l—1>1+mooS N (L)/f(x)dm

a
Thus, any bounded Lebesgue measurable function is Lebesgue integrable.

In fact, Definition 4.2 of integral of nonnegative functions defines Lebesgue integral as the limit of lower
integral sums.

Thus, in Lebesgue’s approach we divide the integration domain into parts where the values of the
integrand are close to each other, while in Riemann integration the integration domain is split into small
parts regularly. So Lebesgue’s approach allows us to substantially extend the class of integrable function.
For example, Dirichlet’s function

D(x) = 1, ze€QN]a,b,
0, z€la,b]\Q,

is non-Riemann integrable (see Example below) but it is a simple function from Lebesgue’s point of
view, so

b
L)/D(a:)dx: 1o (@) +0-u(a. b\ @) =1-0+0-1=0.
The following theorem shows that the class of Lebesgue integrable functions contains the class of

Riemann integrable functions.

Theorem 5.4.1. If a function is Riemann integrable on [a,b], then it is Lebesgue integrable on [a,b], and
b b
L) [ fayte = (B) [ fa)do
(n)

Proof. Let (Pp)nen be a partition of the interval [a, b] such that a = x( " < :c( " < Ty < ... < 33 =b.

Moreover, let the partition P,,; be a refinement of P, for any n € N, and A — 0 as n — +o0, “Where

A, = max{|x(") @1\ : j=1,...,k,} is the norm of the partition P,. Let us set IZ.(") = (»") (n)]

[ajlf ? Z
|I§")| =z - x(")l and
=inf{f(z): z "},  M" =suwp{f(x): v},
where i = 1,...,k,, n € N. Introduce the lower and the upper Darboux sums
kn krn
=S mMEM, S =Y M) (5.4.1)
i=1 i=1
The Riemann integrability of the function f means that
ngIJIrloo Sy = ngmoo Sp = / f(z (5.4.2)

Consider two sequences of simple functions

hn(e) =m(™, we (2,al"), i=1,. k neEN,

%n<.’L‘):Mi(n)7 xe( (n)l, En)), i=1,...,k,, nE€N.
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At the points xE"), these functions can be defined arbitrarily. Indeed, for each n we have finitely many
such points, and for all n € N we get countably many points where we define the functions h,, and s,
arbitrarily. But any countable set is a null-set, so it is not important for constructing the Lebesgue integral
of the function f how we define the functions h,, and s, at the points wl(-n).

The functions h,, and s, are measurable on [a,b]. Moreover, since each partition P, is a refinement
of the previous partition P,,_1, the functions h,, cannot decrease (a.e. on [a,b]), while the functions s,

cannot increase (a.e. on [a,b]). Consequently, the following limits exist a.e. on [a, b]

g1(z) = lim h,(x), g2(z) = lim s¢,(x),

n—-+oo n—-+oo

where the functions g;(x) and gs(z) are measurable on [a, b] by Theorem
Since the following holds

hn(x) < f(z) < 200(2), a.e. on [a,b],
in the limit case we have
g1(z) < f(x) < g2(x), a.e. on [a,b]. (5.4.3)

Consider now the sequence (sr, — hy,)22 ;. This sequence converges to ga(z) — g1(x) a.e. on [a,b],
and is majorized by the integrable function s¢; — hy. Consequently, we can apply Lebesgue’s Dominated
Convergence Theorem [5.3.13|to the sequence (56, — hy, )22 ;:

b b
[to2ta) = gu(@)e = tim [ Genl) () =
b b

The function gz (x)—gi(x) = 0 a.e. on [a, b], so from the property 8) of integral of nonnegative functions
it follows that go(x) — g1(x) = 0 a.e. on [a,b]. Now the inequalities imply f “€ g1 on [a,b]. Thus,
[ is measurable on [a,b] by Lemma {4.3.3]

Since f is bounded and measurable on [a, ], it is Lebesgue integrable on [a, b] by Corollary SO
according to Corollary we obtain

b

b b
(L)/f(x)dx: (L)/gl(x)dx: lim hp(x)de = lim s, = (R)/ f(x)ds,

n—-+oo n—-+oo

a a

as required. O

5.4.1 Discontinuities of Riemann integrable functions

It is very well known that continuous, piecewise continuous, and monotone functions are Riemann inte-
grable (see e.g. [9 Chapter 6]). In this section we completely describe the class of Riemann integrable
functions in terms of their discontinuities. To do this, let us introduce the following objects.

Let J := [a,b] and let I(c,7) := (c—r,c+7) be the open interval centered at ¢ of radius r > 0. Suppose
that f : [a,b] — R is a bounded function.

Definition 5.4.2. The oscillation of f on I(c,r) is the following value

osc(f,c,r) =sup |f(x) — f(y)]

where the supremum is taken over all z,y € J()I(c,r). This quantity exists since f is bounded.
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Definition 5.4.3. The oscillation of f at c is the value
osc(f,¢) = lim osc(f, ¢, 7).
r—0

This limit exists because osc(f,c,r) > 0 is a non-strictly decreasing function of 7.
Tt is clear from Definitions and that f is continuous at ¢ if, and only if, osc(f,¢) = 0 (This
is a Baire theorem, see [8 Ch. V, §4]). For each € > 0 we define a set A, by
Ac ={ce J: osc(f,c) > e}

It is easy to see that the set of points in J where f is discontinuous is |J A..
e>0

Lemma 5.4.4. If e > 0, then the set A, is closed (and therefore compact).

Proof. Suppose that ¢, € A, converges to ¢ and assume that ¢ & A, say, osc(f,c) =& — § where § > 0.
1)

Select r so that osc(f,c,r) < e — 2 and choose n with |¢, — | < g So if x,y € JNI (cn, g), then

x,y € JNI (¢c,r), therefore, osc (f, cn,g

Now we are in s position to describe the class of Riemann integrable functions in terms of their
discontinuities.

) < & which implies osc(f, ¢,) < €, a contradiction. O

Theorem 5.4.5 (Lebesgue). A bounded function f on [a,b] is Riemann integrable if, and only if, it is
continuous almost everywhere on |[a, b].

Proof. By assumption, there exists a number M > 0 such that |f(z)| < M on [a,b].

Suppose that the set D of discontinuities of f has Lebesgue measure 0, and let ¢ > 0. Since A. C D,
we have p(Ac) = 0, since Lebesgue measure u is complete by Theorem The set A. is measurable,
and its Lebesgue measure coincides with its outer measure. So by Definition [3.3.1] given € > 0 there exists
a cover of A, by intervals (bricks in R), A, C |JI;, such that

J

. e €
Z|Ij|<M(As)+§:§o
J

Moreover, we can find open intervals INJ D I; such that
€

Tl < 151+ 5

so we have

~ e e 3
zj:|lj|<zj:\lj|+§<§+§=€-

~ ~ N
The cover |JI; D A, of the closed set A. by open sets I; contains a finite subcover A, C |J I; =: I such
J j=1

that
N ~
111=> || <e.
j=1

The complement CI = [a,b] \ I of I is compact, and around each point z in this complement we can find

an interval F, with sup |f(z)— f(y)| < ¢, since z € A.. We may now choose a finite subcover of |J Fj,
z,YEF; zeCI
which we denote by Iny1,...,In/. Now, taking all the end points of the intervals Iy, I, ..., Iy we obtain
a partition P of [a,b] with
N
Sy — sy < 2MZ || +e(b—a) < Ce,

Jj=1
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where the Darboux sums sy+ and Sy are defined in (5.4.1). Hence f is integrable on [a, ] by (5.4.2)), as
required.
Conversely, suppose that f is integrable on [a, b], and let D be its set of discontinuities. Since D equals

(o)
U A., it suffices to prove that each A1 has measure 0 according to Corollary [3.4.11} Let € > 0 and

n=1

. £ . .
choose a partition P = {zo,x1,...,2n} so that Sy — sy < —. Then, if A1 intersects I; = (x;_1,x;) we
n n

1
must have sup f(z) — inf f(z) > —, and this shows that
z€l; zel; n

L €

il < — inf Ij| < Sy — —.

n Z |13 ' Z [5’2}0 f(z) wlg[jf(ﬂﬂ)ﬂ JI < Sy —sy < .
{5 NAL#2} U LNAL#E) "D

So by taking intervals intersecting A1 and making them slightly larger, we can cover A1 with open

n

intervals of total length less than 2e. Thélrefore, A1 has measure 0, and we are done. O

Corollary 5.4.6. Continuous, piece-wise continuous, and monotone bounded functions on [a,b] are Rie-
mann integrable on [a,b].

Proof. Indeed, the set of discontinuity is empty for continuous functions, finite for piece-wise continuous
functions, and at most countable for monotone functions (see Homework), so its Lebesgue measure is 0
for all these classes of functions. O

Example 5.4.7. Let us consider the Dirichlet function

D) = 1, zeQN]o,1],
B 0, =€[0,1\Q.

The function D(z) is discontinuous at any point of [0, 1], since for any 0 < € < 1, § > 0, and for any
xo € [0,1] there exist = € [0, 1]((xo — J,xo + J) such that |D(x) — D(xp)| = 1 > €. Thus, D(z) € R0, 1]
by Theorem since its set of discontinuities is the whole interval [0,1] whose Lebesgue measure is
positive (equals 1).

However, the set Xy := Q[[0, 1] is a subset of the countable set Q. Since pQ = 0 and the Lebesgue
measure is complete, we have Xy = 0. Therefore, D “<" 0 on [0, 1], and the function g(z) = 0 is measurable
and integrable on [0,1]. Thus, D € LT[0, 1] and by property 3) of integral of measurable functions

/ D(z)dp = / 0-du=0.
[0,1] [0,1]

Example 5.4.8. Consider the Riemann function

0, ze€[0,1]\Q,

m .
—, x = — where m and n are coprime, m < n.
n n

The set of discontinuities of the function f is Xy := Q[[0,1]. Indeed, if ¢ € Xy, then there exists a

1 1
number n such that f(c) = —. Let us take an arbitrary number 0 < €9 < —. Then V¥4 > 0 there exists
n n

x € [0,1] (e — 8, ¢+ ) such that f(x) =0, so we have

7@ = f@)] = 1 >

Consequently, X is a subset of the set of discontinuities of the function f.
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Let us show that f is continuous on [0, 1] \ Xo. In fact, suppose that a € [0,1] \ Xy. For any € > 0,
there exist only finitely many positive integers not exceeding —. So there are only finitely many rational

numbers in Xy such that f(m/n) > e. One can choose § > 0 so small that the interval (a — 6, a + &) does
not contain these rational numbers, we have

|f(z) = fla)] <e

for any x € (a — d,a+ 6)()[0,1]. Thus, f is continuous on [0, 1] \ Xj.
The set X is dense in [0,1] but uXy =0, so f € R[0,1] by Theoremm Moreover, f “< 0 on [0, 1],

/f(x)du:/0~du:0.

[0,1] [0,1]

SO

Example 5.4.9. Let X = [0,1]. For n € N, consider the sets

1 1 1 1 1 1 1 1 1\ 1
An: TN B B’n: T 109 - ’ n = |5 )T )
[n—|—1 n) {n%—l 2(n+1+n>) = [2 <n+1+n> n)

and construct the function

Note that A, = B, JCp, n €N, f € L(A,), and

/ F@)dp = (n+ 1) [uCy — pBy] = 0,

An
1
since uB, = pC, = —— . However, f ¢ L[0,1] by Proposition |5.3.12} since
2n(n+1)
DpBn + uCy| = —_— = — = .
;(TH B + pCl ;n(nﬂ) ;n 00
1
Consider now a real number a € (0,1). There exists a natural number n € N such that 1 <a< o

Consequently, on the interval [a, 1] the function f is bounded and has finitely many points of discontinuities.
Thus, by Theorem [5.4.5] the function f is Riemann integrable on [a, 1], and by Theorem [5.4.1]

1

®) [ s = @) [ s =Y [ s@des [ =
) k=1

a (a,1

(o)
Clearly, a — 40 if, and only if, n — 400, so

1
lim (R)/f(x)dx < lim le,

a——+0 n—4+oco n
a
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thus, f € R(40, 1], and

(R) / F@)dz = 0.
£o

This example show that even if a function is non-Lebesgue integrable, there can exist an improper
Riemann integral.

5.4.2 Approximation of Riemann integrable functions

Theorem 5.4.10. Suppose f is Riemann integrable on [a,b], and is bounded by M. Then there exists a
sequence (fi)72, of continuous functions on [a,b] so that

Sup |fk(x)|<M’ k:]‘727"'7

z€Ja,b]
and
/|f ()|[de -0 as k— oo.
Proof. Given ¢ > 0, we may choose a partition a = 29 < 1 < -+ < xy = b of the interval [a, ] so that

the upper and lower Darboux sums of f differ by at most . Denote by f* the step function defined by

()= sup fly) if z€lrj_1,z;) for 1<j<N.
xj1 <Y<,

By construction we have |f*| < M, and moreover

b

/|f x)|dx = /(f*(x) — f(z))dz < e. (5.4.4)
Now we can modify f* to make it continuous and still approximate f in the sense of the lemma. For small
d >0, let f(z) = f*(x) when the distance of x from any of the division points zg, ..., zx exceeds §. In
the d-neighborhood of z; for j =1,..., N — 1, define f(a:) to be the linear function for which f(xj +9) =
f*(x; £9). Near ¢ = q, f is linear with f(a) = 0 and f(a 4 8) = f*(a+6). Similarly, near zy = b the
function f is linear with f(b) = 0 and f(b— &) = f*(b — 8). The absolute value of this extension is also

bounded by M. Moreover, fdiffers from f* only in the N intervals of length 2 surrounding the division
points. Thus

/|f 2)|dz < 2MN - 26,

If we choose ¢ sufficiently small, we get

b

/ (@) — F()lde <. (5.45)

a

As a result, equations (5.4.4)—(5.4.5)), and the triangle inequality yield

/|f x)|dx < 2e.

~ 1
Denoting by fi the f so constructed, when 2¢ = 7 we see that the sequence (f;)?2; has the properties
required by the lemma. O
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Remark 5.4.11. We construct f(z) such that f(a) = f(b), so we may extend f to a continuous and
(b—a)- periodic function on R. If the function f satisfies the condition f(a) = f(b), we also can consider it

to be (b— a)-periodic on the real line. Thus, our approximating function f(x) can be used to approximate
periodic functions.

5.4.3 Approximation of Lebesgue integrable functions

To be written soon...

5.5 Fubini’s theorem and its applications

In elementary calculus integrals of continuous functions of several variables are often calculated by iterating
one-dimensional integrals. We shall now examine this important analytic device from the general point of
view of Lebesgue integration in R”, and we shall see that a number of interesting issues arise. In general,
we can represent R™ as a product R™ = R™ x R" where n = ny +nso, and ny,ns > 1. A point in R™ then
takes the form (x,y), where 2 € R™ and y € R"2. With such a decomposition of R” in mind, the general
notion of a slice, formed by fixing one variable, becomes natural.

Definition 5.5.1. Let f be a function defined on R™ x R™2. The slice of f corresponding to y € R™2 is
the function fY of the x € R™ variable, given by

(@) = fz,y).

Similarly, the slice of f for a fixed x € R™ is f,(y) = f(z,y).
In the case of a set A C R™ x R™2 we define its slices by

AV ={z e R™: (z,y) € A} and Ay ={yeR™: (z,y) € A}

Recall that even if f is measurable on R"”, it is not necessarily true that the slice f¥ is measurable on
R™ for each y; nor does the corresponding assertion necessarily hold for a measurable set: the slice EY may
not be measurable for each y. An easy example arises in R? by placing a one-dimensional non-measurable
set on the z-axis; the set A in R? has measure zero, but EY is not measurable for y = 0. What saves us is
that, nevertheless, measurability holds for almost all slices.

5.5.1 Statement and proof of Fubini’s theorem
Theorem 5.5.2. Suppose f(x,y) is integrable on R™ x R"™2. Then for almost every y € R™2:
(i) The slice f¥(x) is integrable on R™.

(i) The function / fY(x)u(dx) is integrable on R™2, and
R™

(i) The following identity holds:
J ([ i) uan) = [ e
Rre R

Clearly, the theorem is symmetric in z and y so that we also may conclude that the slice f.(y) is

integrable on R™2 for a.e. . Moreover, / f=(y)u(dy) is integrable, and

R™2

le ( s f(:v,y)u(dy)> p(dx) :R[f(x’y)du'
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In particular, Fubini’s theorem states that the integral of f on R™ can be computed by iterating lower-
dimensional integrals, and that the iterations can be taken in any order

R / ([ stipntao)) utan) - / ([ stiutan ) niae) :RZ Fo )

The proof of Fubini’s theorem which we give next consists of a sequence of six steps. We begin by
letting F denote the set of integrable functions on R™ which satisfy all three conclusions in the theorem,
and set out to prove that L(R"™) C F.

We proceed by first showing that F is closed under operations such as linear combinations (Step 1)
and limits (Step 2). Then we begin to construct families of functions in F. Since any integrable function
is the “limit” of simple functions, and simple functions are themselves linear combinations of sets of
finite measure, the goal quickly becomes to prove that the function x4 (z) belongs to F whenever A is a
measurable subset of R" with finite measure. To achieve this goal, we begin with bricks and work our way
up to sets of type Gs(R™) (Step 3), and sets of measure zero (Step 4). Finally, a limiting argument shows
that all integrable functions are in F. This will complete the proof of Fubini’s theorem.

Proof of Theorem[5.5.3

1) Any finite linear combination of functions in F also belongs to F.

Indeed, let (f,)Y_, C F. For each m there exists a set A,, C R™ of measure 0 so that fY is

N

integrable on R™ whenever y € A,,. Then, if A = |J A, the set A has measure 0, and in the
m=1

complement of A, the y-slice corresponding to any finite linear combination of the f,, is measurable,

and also integrable. By linearity of the integral, we then conclude that any linear combination of the

fm’s belongs to F.

2) Suppose (fm)55_1 is a sequence of measurable functions in F so that fm, /' f or fm \( [ , where f
is integrable (on R™ = R™ x R"™2). Then f € F.

By taking — f,,, instead of f,,, if necessary, we note that it suffices to consider the case of an increasing
sequence. Also, we may replace f,, by f,, — f1 and assume that the f,,’s are non-negative. Now, we
observe that an application of Corollary [5.2.5] yields

m— o0

lim [ fo(2,y)p(dz)pu(dy) :/f(x,y)u(dx)u(dy)- (5.5.1)
R» R7

By assumption, for each m there exists a set A,, C R"2, so that f¥ is integrable on R™ whenever

y&€ Ay f A= |J A, then pA =0 in R™2, and if y € A, then f¥ is integrable on R™ for all m,
m=1

and, by Corollary we find that

gm(y) = / fh(@)uldr) 7 g(y) = / fY(@)udz)

R71 R”1

as m — oco. By assumption, each g, (y) is integrable, so that another application of Corollary
yields
[ ontntay) — [ gwntdy) as m . (552)
R"2 R™2

By the assumption that f,, € F we have

/ Im (y)p(dy) = / Jm (@, y)pu(dr)u(dy),
in

Rn2
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and combining this fact with (5.5.1)) and (5.5.2)), we conclude that

/wwwmz/}mwmmmwm
R”2 R»

Since f is integrable, the right-hand integral is finite, and this proves that g is integrable. Con-
sequently g(y) is finite-valued a.e. on R™ in variable y, hence f¥ is integrable for a.e. y € R"2,

. ([ ) u(dy)ﬁz“f<x,y>du.

R2
This proves that f € F as desired.

Any characteristic function of a set E that is a Gs(R™) and of finite measure belongs to F.

We proceed in stages of increasing order of generality.

(a) First suppose F is a bounded open cube in R™, such that X = Q1 x Q2, where 1 and Qs are
open cubes in R™ and R"™2, respectively. Then, for each y the function xg(x,y) is measurable
in x, and integrable with

w(Q1), Y € Q2,

gwﬁz/xﬂ%wmwﬂ={ Ry

R"1

Consequently, g(y) = u(Q1)xg,(y) is also measurable and integrable, with

/g@mww=u@ﬂMQﬂ

Rn2

Since we initially have /XE(I, y)u(dy) = p(F) = u(Q1)u(Q2), we deduce that xg € F.
R’Il
(b) Now suppose E is a subset of the boundary of some closed cube. Then, since the boundary of

a cube has measure 0 in R", we have /XE(% y)u(dx)p(dy) = 0.

Rﬂ,
Next, we note, after an investigation of the various possibilities, that for almost every y, the

slice EY has measure 0 in R™*, and therefore if g(y) = / XE(z,y)pu(dx) we have g(y) = 0 for
R™1
a.e. y € R™2. As a consequence, / 9(y)u(dy) = 0, and therefore xg € F.

R"2

N
(¢) Suppose now F is a finite union of closed cubes whose interiors are disjoint, E = |J Q. Then,

k=1
if Q5 denotes the interior of Qj, we may represent xg(z) as a linear combination of the the
functions xqe (7) and x4, (7) where Ay is a subset of the boundary of Qy for k = 1,...,N.
By our previous analysis, we know that xqgo(z) and x4, (x) belong to F for all k, and since
Step 1 guarantees that F is closed under finite linear combinations, we conclude that xg € F,

as desired.

(d) Next, we prove that if E is open and of finite measure, then xyg € F. This follows from taking a
limit in the previous case. Indeed, by Theorem [3.5.9] we may represent E as a countable union
of almost disjoint closed cubes

E=|]Q;.

T

j=1
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m
Consequently, if we let f,(r) = | xq,(z), then we note that the functions f,, increase to
j=1

f(z) = xg(x), which is integrable since pF is finite. Therefore, we may conclude by Step 2 that
ferF.

(e) Finally, if E € G5(R™) of finite measure, then yg € F. Indeed, by definition, there exist open
sets G1,Go, .. ., such that
E=()Gs.
k=1

Since E has finite measure, there exists an open set éo of finite measure with £ C éo. If we
set

k
G = éo m ﬂ éj
j=1

then (Gy)72, is a decreasing sequence of open sets of finite measure such that

GiDGyD -
and
E= )Gk
k=1

Therefore, the sequence of functions fi(r) = x¢, () decreases to f(x) = xg(z), and since
Xa, € F for all k by (d) above, we conclude by Step 2 that xg(x) belongs to F.
If E has measure 0, then xg(zx) belongs to F.

Indeed, since E is measurable, we may choose a set G € Gs(R") with E C G and uG = 0 (see
Theorem [3.7.5)). Since xg € F (by the previous step) we find that

RZ (/Rnl Xc(x,y)u(dﬂc)> w(dy) = /Xc(fﬂay)du =0.

R™

Therefore
/ xa(z,y)pu(de) =0 for a.e. yeR™.

R™1
Consequently, the slice GY has measure 0 for a.e. y € R™. The simple observation that EY C GY
then shows that EY has measure 0 for a.e. y € R™, and / xe(z,y)u(dx) = 0 for a.e. y € R"2,

R™1

/ (/R1 XE(:c,y)u(dx)> u(dy) =0 = /XE(-”E,y)du

R"2 R™

Therefore,

and thus xgp € F, as was to be shown.

If E is any measurable subset of R™ with finite measure, then xg(z) belongs to F.

To prove this, recall first that by Theorem there exists a set of finite measure G € Gs(R"),
with £ C G and pu(G \ E) = 0. Since

Xe(r) = xa(x) — XG\E(x)a

and F is closed under linear combinations, we find that xg € F, as desired.
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6) If f € L(R™), then f € F.

We note first that f has the decomposition f = f*— f~, where non-negative and integrable functions
fT and f~ are defined in Definition So by Step 1 we may assume that f is itself non-negative.
By Theorem there exists a sequence (hy,)5°_; of simple functions that increase to f. Since

m=1
each h,,(x) is a finite linear combination of characteristic functions of sets with finite measure, we
have h,, € F by Steps 5 and 1, hence f € F by Step 2.

O

5.5.2 Applications of Fubini’s theorem
Theorem 5.5.3 (Tonelly). Let f(x,y) € ST (R™ x R"2). Then for almost every y € R"2:

(i) The slice f¥(x) is measurable on R™.

(i) The function defined by / fY(x)p(dx) is measurable on R™2.
R™1
Moreover:

(ii)
RZ < - f(x,y)u(dm)> (dy) :R[f(x’y)du’

where the integrals exist (but can be infinite).

In practice, this theorem is often used in conjunction with Fubini’s theorem. Indeed, suppose we

are given a measurable function f on R™ and asked to compute / fdu. To justify the use of iterated

RVL
integration, we first apply the present theorem to |f|. Using it, we may freely compute (or estimate) the
iterated integrals of the non-negative function |f|. If these are finite, Theorem m guarantees that f is
integrable, that is, / |fldp < +00. Then the hypothesis in Fubini’s theorem is verified, and we may use
R’V‘L
that theorem in the calculation of the integral of f.

Proof of Theorem[5.5.3 Consider the truncations

filz,y) = {f(x,y), if |(z,y)] <l and f(z,y) <,

0, otherwise,

where |(z,y)| < | means the cube Q; in R™ (see (3.5.1))
Each f; is integrable, and by part (i) in Fubini’s Theorem [5.5.2| there exists a set E; C R™2 of measure 0
such that the slice f/(x) is measurable for all y € Ef. Then, if we set E = |J E;, we find that f/(z) is

l
measurable for all y € E€ and all [. Moreover, u(E) = 0. Since f  f¥, Corollary implies that if
y & E, then

/fl(x,y)ﬂ(dx)/‘/f(x,y),u(dx) as [ — oo.
R™1 R™1

Again by Fubini’s Theorem|5.5.2 / fi(z,y)u(dx) is measurable for all y € E°, hence so is / flx, y)u(dx).

R”1 R™1
Another application of Corollary then gives

/ ( - fl(x,y)ﬂ(dx)> p(dy) —>R!2 ( - f(a:,y)u(dm)) w(dy), (5.5.3)

R"2
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By part (iii) in Fubini’s Theorem we know that

/ ( - fz(x,y)u(d:c)) p(dy) =R[ fi(z,y)du, (5.5.4)

R™2
A final application of Corollary [5.2.5 directly to f; also gives
/fz(x,y)du—> /f(mny)du- (5.5.5)
Rn Rn

Combining (5.5.3), (5.5.4)), and (5.5.5) completes the proof of the theorem. O

Corollary 5.5.4. If E is a measurable set in R™ x R™2, then for almost every y € R™ the slice
EY={xeR™: (x,y) € E}

is a measurable subset of R™. Moreover u(EY) is a measurable function of y and

u(B) = [ n(E")utay).

R™2

This is an immediate consequence of the first part of Theorem applied to the function yg(z).
Clearly, a symmetric result holds for the z-slices in R™2.

We have thus established the basic fact that if E is measurable on R™* x R™2, then for almost every
y € R™2 the slice EY is measurable in R™ (and also the symmetric statement with the roles of z and y
interchanged). One might be tempted to think that the converse assertion holds. To see that this is not
the case let us recall an example considered for non-Borel measurable sets.

Let A/ denote a non-measurable subset of R, and then define

E=[0,1 x N CRxR,

we see that

[07]‘]’ yGN’
EY =
{ 0, yEN.

Thus EY is measurable for every y. However, if E were measurable, then the corollary would imply that
E.,={y€R: (x,y) € E} is measurable for almost every z € R, which is not true since E, is equal to N/
for all z € [0,1].

Let us now study measurability and measures of product sets of the form E; x Fs where E; € R™,
k=12

Theorem 5.5.5. If E = E; X Ey is a measurable subset of R™, and p*(E2) > 0, then Ey is measurable.
Proof. By Corollary [5.5.4] we have that for a.e. y € R"2, the slice function

(XEI ><E2)y(x) = XE; (x)XEz (y)

is measurable as a function of x. In fact, we claim that there is some y € E5 such that the above slice
function is measurable in z; for such a y we would have x g, x g, (%, y) = x&, (), and this would imply that
F| is measurable.

To prove the existence of such a y, we use the assumption that p*(FEs) > 0. Indeed, let F' denote the
set of y € R"™2 such that the slice EY is measurable. Then u(F¢) = 0 according Corollary However,
E5; (N F is not empty because p* (E2 () F') > 0. To see this, note that Ey = (Ex(\F)|J (E2() F€), hence

0< ' (B2) <y (B2 (VF) 4 (B2 (VF9) =" (B2 F)

because E, [ F° is a subset of a set of measure zero. O
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To deal with a converse of the above result, we need the following lemma.
Lemma 5.5.6. If 1 € R™ and Ey € R™, then
p(Ey x By) < p*(Ey)p* (EBa),
and if one of the sets Ey has outer measure zero, then p*(E; x Eg) = 0.

Proof. Let € > 0. By Definition we there exist bricks {KJ(-l)};?';l in R™* and {K;Q)}]?’il in R"2 such
that
oo o0
Eyc | K and Eyc|JKP
Jj=1 Jj=1
and - -
ZmKJ(-l) < p'(E1)+e and ZmKJ(-z) < p(E2) +e.

j=1

o0
Since Ey x B C |J K ](1) x K, 1(2)7 the semi-additivity of the outer measure yields
Jil=1

(BB < Y ml < () = ZmK“’ (ZmK”)) W (B) + ) (" (B2) + ).

jil=1
If neither Fy nor E5 has outer measure 0, then from the above we find
p(Er x Eo) < p*(E1)p" (E2) + ofe),

and since € is arbitrary, we have p*(Ey x Eq) < p*(E1)p*(E2).

If for instance p*(E1) = 0, consider for each positive integer m the set EJ* = Ex ({y € R™ : |y| < m}.
Then, by the above argument, we find that p*(E; x ET*) = 0. Since (Eq x Ef*) /' (E1 x Eg) as m — 00,
we conclude that p*(Eq x E2) = 0. O

Theorem 5.5.7. Suppose Ey and Es are measurable subsets of R™ and R™2, respectively. Then E =
E, x By is a measurable subset of R™. Moreover,

W(E) = p(Er)p(Es),
and if one of the sets Ey, k = 1,2, has measure zero, then u(E) = 0.

Proof. It suffices to prove that E is measurable, because then the assertion about p(E) follows from
Corollary Since each set Fy, k = 1,2, is measurable, there exist sets G, C R™* of type Gs(R™) such
that Fy C Gy and p*(Gy \ Ex) = 0 for each k = 1,2 according to Theorem Clearly, G = G1 x Gq is
measurable in R" x R™2 and

(Gl X GQ) \ (El X EQ) C ((Gl \El) X GQ) U(Gl X (GQ \ EQ))
By Lemma we conclude that p* (G\ E) = 0, hence E is measurable. O

As a consequence of this proposition we have the following.

Theorem 5.5.8. Suppose f is a measurable function on R™ . Then the function j? defined by f(x,y) =
f(x) is measurable on R™ x R™2.

Proof. Recall first that if c € R and F; = {z € R™ : f(x) < ¢}, then E; is measurable by definition.
Since R
{(z,y) eR™ xR™ : f(z,y) <c} = F; x R",

Theorem shows that {j?(:v, y) < c} is measurable for each ¢ € R. Thus f(x, y) is a measurable function
on R™ x R™2, as desired. O
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This theorem will be of use when we will study the Fourier transform.

Theorem 5.5.9. If f is a measurable function on R™, then the function ]?(x,y) = f(z —y) is measurable
on R™ x R".

Proof. By picking E = {z € R™ : f(z) < ¢}, we see that it suffices to prove that whenever E is a
measurable subset of R™, then F = {(z,y) : © —y € E} is a measurable subset of R" x R™.

Note first that if G'is an open set, then G is also open. Taking countable intersections shows that if
E € G5(R™), then so is E. Assume now that u(E;) = 0 for each j, where E; = EﬂQ] and Q] = {ly| < j}.

Again, take G to be open in R™, and let us calculate u (Gﬂ Qj). We have that

Xana, @ y) = xalz —y)xg, v)-

4 (GN3) :RZ (] xete = g utas) ) o) =

~

- / (/n xa(z — y)u(da?)> Xa, Wn(dy) = n(G)u(Q;),

Hence

by the translation-invariance of the measure. Now if u(E) = 0, there is a sequence of open sets G, such
that B C Gy, and p(G) — 0. It follows from the above that E; C G, (@, and p (é ﬂ@j) — 0 as

m — oo for each fixed j. This shows pu(E i) = 0, and hence u(E E) = 0. The proof of the proposition is
concluded once we recall that any measurable set E can be written as the difference of a G5(R") and a
set of measure zero. O

Finally, let us establish one of the fundamental facts of the integration theory, which is similar to a
correspondent property of the Riemann integral.

Theorem 5.5.10. Suppose f(x) is a non-negative function on R™, and let
A={(z,y) €R" xR : 0<y< f(@)}.
Then:

1) f is measurable on R™ if and only if A is measurable in R™H1.

2) If the conditions in 1) hold, then
[ @t = ua),
Rn,

Proof. If f is measurable on R™, then by Theorem the function
F(z,y) =y - f(z)

is measurable on R"*1, so we immediately see that A = {y > 0} ({F < 0} is measurable.

Conversely, suppose that A is measurable. We note that for each € R™ the slice A, = {y € R :
(z,y) € A} is a closed segment, namely A, = [0, f(z)]. Consequently Corollary [5.5.4] (with the roles of x
and y interchanged) yields the measurability of u(A4,) = f(z). Moreover

w) = [ xalegdody = [ pade = [ fa)ds
Rn+1 R R
as was to be shown. O

Later we will prove a somewhat converse statement by introducing the so-called Radon-Nikodym deriva-
tive.



5.6. PROBLEMS 105

5.6 Problems

5.1.1 Basic properties of Lebesgue integral
Problem 5.1. Prove that the function

_ 22, € QN][o,1],
f(””‘{ Vi, welI\Q,

is Lebesgue integrable on [0, 1], find its Lebesgue integral over [0,1]. Is f(z) Riemann integrable on [0,1]?

Problem 5.2. Calculate the integral / f(x)du, where p is the Lebesgue measure and

(0,1]

sinz, x € Q,
fz) =
cosz, z=¢Q.

Problem 5.3. Calculate the integral / f(z)du, where p is the Lebesgue measure and

sinz, x€Q,

sin®z, z¢Q.
Problem 5.4. Calculate the integrals
a) / e[y, b) / e Ba+llgy,, c) / e e+2qy,,
(0,400) (3,400) (4,+00)
where [z] is the integer part of = (not exceeding x).

Problem 5.5. Calculate

dp du dp
%) / EEm e U / IS N / Br+1]
(0,+00) (0,+00) (3,400)
(-1)F (-1
4 / EFTEEES R / PSR
(3,4+00) (0,400)

where [z] is the integer part of z (not exceeding ).

Hint: In the problem e) use the fact that

O
on+1 4

n=0
Problem 5.6. Does the integral
(D
(0,400)

exist? Here p is the Lebesgue measure, and [z] is the integer part of z (not exceeding x).
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Problem 5.7. Does the integral

_1\[23+1)
/ CEV™

[z +1]
(0,+00)

exist? Here p is the Lebesgue measure, and [z] is the integer part of x (not exceeding x).

Problem 5.8. Calculate the integral
[ fv)an
D

where D = {(z,y) : 0 <z <1, 0<y<1}, pis the Lebesgue measure, and

1, where a2y¢Q
flz,y) =
0, where zye€ Q.

Problem 5.9. Let f, € ST(X), and
[ fu@rin .0

n— 00
X

Prove that f;, 5 0. Does this sequence converge to 0 a.e. on X7
n—oo

Problem 5.10. Prove that the condition

| fn(2)]
X/1+|fn(x)|d“ vl

is equivalent to the fact f, —— 0 whenever uX < +oo. Construct a counterexample in the case when
n—oo
X =R

Problem 5.11. Let f € L(R™), and let X, = {& € R" : |f(z)| > y}. Prove that

+

[17@ldu= /Oomxy)dy.
J

0
Problem 5.12. Let f,g € ST(X). Prove that

+oo

)[f(w)g(x)du= !@(y)dy,

where ®(y) = /f(:v)dw and Xy, = X(g > y).
Xy

Hint: Use approximation of nonnegative measurable functions and Levi’s theorem.

Problem 5.13. Let f € L(X) and for any set £ C X, E € M(X), the identity

E/f(w)du =0

holds. Prove that f(z) “© 0 on X.
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Problem 5.14. Let f € S(X), uX < 400, and X,, = X(n —1 < f < n). Prove that f € L(X) if, and
+oo

only if, the series Z |n| - uX, converges.

Problem 5.15. Construct a finite-valued function f € S*(R) such that

+oo
Zn~an < 400,

n=1
where X,, = X(n < f < n+ 1), but such that f ¢ LT(R).
Problem 5.16. Let uX < 400, f € S(X), and there exist constants A > 0 and « > 1 such that for any
€ > 0 the following inequality holds

A
p{z e X o [f(z)] > e} < pr
Prove that f € L(X) w.r.t. the measure p.

Problem 5.17. Prove that if f € L(X) and X,, = X(|f| > n), then liT n-puX, =0.
— 00

n

Problem 5.18. Let uX < +oc and f € S(X). Define the sets X,, = {x € X : |f(z)| >n},n=0,1,2,....
Prove that f € L(X) if, and only if,

o0
Z,an < 00.
n=1

Problem 5.19. Construct an example of a function such that f € ST(R), and

o0
Z,an < 0.
n=1

where X, are defined in Problem and f & LT (R).

Problem 5.20. Let f € S*(z), uX < +oo, and X, = X(n—1 < f <n), n =1,2,.... Prove that
+o00

f™ e LT(X) if, and only if, the series Z n™ - uX, converges, m € N.

n=1

Problem 5.21. Let f € S*(z), uX < 4+o0,and B,, = X(f >n—1),n=1,2,.... Prove that f™ € LT(X)
+oo

if, and only if, the series Z n™ 1. uB, converges, m € N.

n=1
) 1 1. .
Problem 5.22. Prove that the function f(z) = — cos — is non-Lebesgue integrable on [0, 1].
T T

Problem 5.23. Let f be unbounded integrable function on X. Put

T _ f(aj)v |f($>| < n, T 0 f(l‘), |f($>| < n,
[F(@)]n { N T ) { o e

Prove that
[ t@dn= i [ = tim [ R

n—-+oo X n—-+oo b'e
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Problem 5.24. Let f, f, € LT (X), n € N. Suppose that f, - f on X, and

ti [ g = [ fa)d

n—00
X X

Prove that for any A C X, A € M(X),

n—o0

tiw [ fu@d= [ fe)d
A A

Hint: Use Riesz’s Theorem on subsequences of sequences of measurable functions convergent in measure
and the Fatou theorem.

Problem 5.25. Construct an example showing that in Problem the condition f,(z) > 0 on X is
substantial.

Problem 5.26. Let f € LT (X), and let g € S(X), |g(x)| < M on X. Prove that there exists a number K,
inf{g(z): v € X} < K <sup{g(z): = € X}, such that

/X f(@)g(@)dp = K /X F(x)dp

Construct an example showing that the nonnegativity of the function f on X is crucial.

Problem 5.27. Let uX < 400 and f, f, € L(X), n € N. Suppose that f, 5 f on X, the functions
(fn)29 have uniformly absolute continuous integrals over X, that is, for any € > 0 there exists § > 0 such
that for any A C X, A € M(X), uA < ¢, one has

/fn(x)du <e Vn € N.

Prove that
lim fn du = / S

n—r oo

Problem 5.28. Let {f,}2 € L(X), and f, =% f on X as n — +oo. Suppose that |f,| < g(z), n € N
almost everywhere on X, Where g(x) € L(X) and |g(x)| < M almost everywhere on X. Prove that

s [t | i

Problem 5.29. Let f € L(X), and let (X,,)1> € X be a monotone decreasing sequence of measurable
sets, and Xy := lim X,,. Is the identity
n—oo

l n=tim_ [ s

true?

Problem 5.30. Let uX < +o0o. Prove that if the integral / f(z)g(x)dp exists and finite for any f € L(X),

X
then g(z) is bounded almost everywhere on X.
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Problem 5.31. Prove that if
[ t@gt@rdn > o

X

for any f such that f(z) > 0 on X, then g(x) > 0 almost everywhere on X.

1
Problem 5.32. Let f(x) = — and u be the Lebesgue measure on (0, 1). Prove that
x

/ f(@)du = +oo

(0,1)

using only the definition of Lebesgue integral for nonnegative functions.

1
Problem 5.33. Let f(z) = — and p be the Lebesgue measure on (0,1). Prove that
x

/ f(z)dp = +o0
(0,1)

using only the definition of Lebesgue integral for nonnegative functions.

Problem 5.34. Construct a sequence of functions (f,,)>3, f. € L*([0,1]) such that f,,(z) — 0 for any
x € ]0,1] but

/fn(m)duﬁ() as m — oo.

(0,1]

Problem 5.35. Show that there exists a sequence of functions (f,),7>, fn € L*([0,1]) such that f,,(z) — 0
for any « € [0,1] and

/ fo(x)dp — 0 as n — oo,
[0,1]

but F<x) = Slrle fn(x) ¢ L+([07 1])

1
Hint: Consider the sequence f,(x) = —2"xa, (z), where 4, = (27",27""1) n e N.
n

Problem 5.36. Construct an example of a sequence (f,)%2,; € L(R) such that f,, — 0 uniformly on R
n—oo
but

n—oo

[ @y — o,
R
Problem 5.37. Let (X, M, 1) be a measure set, and let f € L™ (X). Define
() = [ st
A

Prove that
1) v is a o-additive measure;
2) if g is integrable w.r.t. v, then fg is integrable w.r.t. p, and

[s@iv) = [ s@gt)inte).

X
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5.1.2 Difference between Lebesgue and Riemann definite integrals

In this section, p is the Lebesgue measure.

Problem 5.38. Consider the functions

0, z =0,
xr) = 1
/(@) In—, ze€(0,1],
T
and
0, zel0l),
n = 1
Ja(@) In—, ze€ [%,1].
x

Prove that f, =% f on [0,1]. Is f(z) Riemann integrable on the interval [0, 1]? Is it Lebesgue integrable
on [0,1]? If so, find the Lebesgue integral of this function on [0, 1].

Problem 5.39. Is the function
1, 2x€QN]o,1],
fz) = 3
v, xel0,1]\Q,

Riemann integrable on the interval [0,1]? Is it Lebesgue integrable on [0,1]7 If so, find the Lebesgue
integral of this function on [0, 1].

Problem 5.40. Let K € R™ be a brick, and f € R(K). Prove that f € L(K), and
© [ )= R) [ ).
K K

Problem 5.41. Let f € R(a + 0,b], that is, let the improper integral

c—a+0

®) [ fa)dei= tim (R) / f()ds

be finite. Suppose that f(x) > 0 on (a,b]. Prove that f € L™ (a,b) and

b

@) [ f@in=®) [ fays

(a,b) a+0

Problem 5.42. Let f € R[d’,b] for any o’ € (a,b). Prove that |f| € R(a+0,b] if, and only if, f € L(a,b).

And if f is integrable, then
b

@ [ f@in=®) [ fays
(

a,b) a+0

Hint: Putting ag := b and considering some sequence a,, “\, a, prove that
b b

®) [ fado = lim (R) [ f)d.

n— oo
a+0 [e 2

then, use the complete additivity of the Lebesgue integral.
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Problem 5.43. Let a € R, and

Find all o such that
a) fe€R[0,1];
b) f € R(+0,1];
c) feL0,1]
Problem 5.44. Let a € R, and f(z) = 2% on [1,400). Find all a such that
a) f € R, +o0);
b) f € L[1,+00).
Problem 5.45. Let a € R, > 0, and

r®sinz”?,  z € (0,1],
f(x)—{ 0, z=0.

Find all pairs (a, 8) such that
a) f € RI0,1];
b) f € R(+0,1];
c) feLo,1].
Problem 5.46. Let a € R, § < 0, and

f(as)—{ r®sinz”?,  z € (0,1],

Find all pairs (a, 8) such that
a) f € RI0,1];
b) f € R(+0,1];
c) feLo,1].
Problem 5.47. Let o, 3 € R, and f(x) = 2*sin2® on [1,4+00). Find all pairs (a, 3) such that
a) f € R[L,+00);
b) f € L1, +00).
Problem 5.48. Find the limit
dp(z)
x% (1+ %)n
Hint: To prove that integrands %ﬂ are Lebesgue integrable on (0,+00), estimate them by
laidﬁ[l, +00) separately. Then use Lebesgue’s Dominated Conver-

xTrn

~—

Lebesgue integrable functions on (0, 1
gence Theorem.
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Problem 5.49. Let Q([0,1] = {r,}>2, and € > 0. Prove that the series

Z nwm

converges a.e. on [0, 1].

Hint: Using Problem and Levi’s theorem, prove that the sum of the series is Lebesgue integrable on (0, 1).

Problem 5.50. Let X = (0,1). Construct nonnegative functions (f,);2; and f measurable w.r.t. the
Lebesgue measure p such that f(z) = limf,(z) on X,

/fn(ac)du <C Vn € N
b'e

for some constant C' > 0, but f & L(X).
Problem 5.51. Let C be the Cantor set on [0, 1], and

1 if zel,

() r if x¢€ {O,ﬂ \C,

z? if xe€ <1,1] \C.
2
Find
@) [ty
(0,1)
Problem 5.52. Let C be the Cantor set on [0, 1] and let

0.1\C = (au.b2)

Define the functions f, as follows. For any n € N, we have f,(x) = 0 for any = € [0,1] \ (an,bn),

n bn . . . . n b'ﬂ n b'ﬂ
fn (a—;—) =1, and f,(z) is continuous and linear on the intervals [an, a ;_ ], [a ;_ ,bn]. Let

Find

Define the functions f, as follows. For any n € N, we have f,(x) = 0 for any = € [0,1] \ (an,bn),

ap + by an+bnb
2 b 2 svYn |-

b bn, — an . . . .
fn (a" er ”) == 5 a ,and f,,(x) is continuous and linear on the intervals [an,
Let

z) = fule)
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Find

Problem 5.54. Let

3
i=1
be the binary representation of a number x € [0, 1), where x; € {0,1}, and lim z; # 1.
1—> 00

Let fr(x) =2z — 1 for k € N and = € (0,1). Prove that the sequence {fi(z)}32, is orthonormal on
(0,1), that is, prove that

(L) / fe@ f@du=0,  for j#k,
(0,1)

and

(L)/f,f(m)duzl, ke N.

(0,1)

Problem 5.55. Find functions f,g € R((+0,1]) such that
hx) = max{f(x), g(x)} & R((+0,1]).

5.1.3 Fubini’s theorem

Let X7 C R™ and X5 C R™2. Let g and ug be two Lebesgue-Stieltjes o-finite (or finite) measures defined

on M; = M(X;) and My = M(X3), respectively. The Descartes product of these two measures spaces

is the following space (X, M, u), where X = X; x X5, M = M; x My, that is, any A € M can be

represented as A = A; X As with Ay € M7 and Ay € Ms. The measure p of A € M is defined as

w(A) = p1(Ar) - pa(Az). it is easy to see that u is a Lebesgue-Stieltjes measure defined on M = M(X).
In this section, we consider such three measure spaces.

Problem 5.56. Let A € M, uA < co. Prove that for pi-a.e. z in Xy, the slice A, is pg-measurable, that
is, Ay € M. Also prove that the function ps(A,) is p1-measurable on X, and

W) = [ el (o).
X1
Problem 5.57. Let A € M, and f(x,y) is integrable on A w.r.t the measure u. Prove that
1) fu is po-integrable on A, for pi-a.e.  in X7, where A, is the z slice of A4;

2) the function

/ fe(y)dpa2(y)
Ap

is pi-integrable on Xj;

3) and
/f(%y)du://fz(y)duz(y)dm(w)
A Ay

X1

Problem 5.58. Let A € M, and f(z,y) € ST(A). Prove that
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1) fz is po-measurable for pq-a.e. x in Xq;
2) the function

/ fo@)dpa(y)
Ay

is pi-measurable, where A, is the x slice of A;
3) and
/ [, y)dp = / / fa(y)dp2(y)dpa (z).
A A

X1
Problem 5.59. Construct a function f(x,y) ¢ L((0,1) x (0,1)) such that f(zo,y) is integrable on (0,1)
for any fixed zp € (0,1), and f(z,yo) is integrable on (0,1) for any fixed yo € (0, 1), and such that
[ tointn) = [ #em)intz) o
(0,1) (0,1)

Problem 5.60. Construct a finite function f(x,y) measurable on (0,1) x (0,1) such that

/ /f(x,y)du(w) du(y) =0,

(0,1) \(0,1)

and

[ | [ sut) | dutw =1,

(0,1) \(0,1)
Hint: Consider the function
f(xv y) = Z 4" [XAn XAy (:L', y) - 2XA77,+1 XAy (ZL’, y)] )
n=0

where A, = (27™,27"*) n e N.

Problem 5.61. Let a,b € R, a # b. Construct a finite function f(z,y) measurable on (0,1) x (0,1) such
that

/ / f,w)du(z) | du(y) = a,
(0,1) (0,1)

and

/ P, y)dn(y) | dutx) = b.

(0,1) \(0,1)

Problem 5.62. Prove that the function f(z,y) = e~ *¥sin x siny is integrable on (0, +-00) x (0, +00) (w.r.t.
Lebesgue measure).

Problem 5.63. Let f(x) € L, (X1), g(x) € L,,(X2). Prove that f(z) - g(y) € L,(X). Here L, means
integrability w.r.t. the measure v.

Problem 5.64. Prove that if A = A; x Ay (41 C X7 and Ay C X»o) is measurable (w.r.t. u) and has
positive measure, then the sets A; and A are measurable w.r.t measures p1 and pe, respectively.
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Problem 5.65. Let a function f be measurable on X = X x X5 (w.r.t. u), and let the following integral
exist

IZ/(;Iﬂ%me@)dm@ﬁ<+w-
X1 2

Prove that f € L(X, M, u).

Problem 5.66. Let f,g € L(R). Prove that the function h(x,t) = f(t)g(z —t) € L(R) for a.e. x € R and
that the convolution

u*m@w:/f@foo@a>
R

belongs to L(R).
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Chapter 6

Differentiation of integrable functions

I cover pages 98-108, 115-136 and 285-292 from the book [I1].

117
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6.1 Problems

6.1.1 Differentiation
Problem 6.1. Prove that if f is integrable on R™, and f is not identically zero, then

Cc

|z

(@) >

for some ¢ > 0 and all |z| > 1,

where x| = /2% + -+ 2. Conclude that f* is not integrable on R". Then, show that the weak type
estimate .
p{z : F*>a}) < o

for all @ > 0 whenever f |f|ldw = 1, is the best possible in the following sense: if f is supported in the unit
ball with [ |f|du = 1, then

Q\

p{z = F7>a}) >

el

for some ¢’ > 0 and all sufficiently small «.

Hint: For the first part, use the fact that [ |f|du > 0 for some ball B.
B

Problem 6.2. Consider the function on R defined by

1 it o 1
ol )2 el <3
f(z) =
0 otherwise.

(a) Verify that f is integrable.

(b) Establish the inequality

fra) > —

> ———— for some ¢ > 0 and all |z| <
|z[(n 57)

)

DN | =

to conclude that the maximal function f* is not locally integrable.

6.1.2 Functions of bounded variation

By Va,b] we denote the set of all functions of bounded variation defined on the interval [a,b]. By V’(f)
we denote the (total) variation of the function f on [a,b]:

N

VO (f)=sup )y |F(tr) = Fte-1)l,
T =
where the supremum is taken over all partitions of the interval [a, b]:
T = {ty}2,, a=ty <ty <...<ty_1<ty=>0.
Problem 6.3. Let ¢ € (a,b). Prove that f € V[a,b] if, and only if, f € V]a,c] N V]c,b], and
Vi () = Vi) + Ve (f)-

Problem 6.4. Let f € V]a,b]. Prove that f can be represented as a difference of strictly increasing
functions.
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Problem 6.5. Let
1 for z=a€l0,1],

flz) =
0 for zel0,1]\ {a}.

Represent f as a difference of two non-strictly increasing functions.

Problem 6.6. Let f(x) = sinx defined on [0, 27]. Represent f as a difference of two non-strictly increasing
functions.

Problem 6.7. Let f € Va,b]. Prove that f is non-strictly increasing on [a, b] if, and only if, V2(f) =
fb) = f(a).

Problem 6.8. Let f be finite on [a, b], and let ¢ be a strictly increasing continuous function on [a, b] with
o(a) = a and p(b) = b. Prove that f € Vla,b] if, and only if, g(z) = f(¢(x)) € Vl]a,b]. Show by an
example that continuity of ¢ is crucial in this result. Find f ¢ V[0,1] and strictly increasing function ¢
with ¢(0) =0, ¢(1) = 1 such that g(z) = f(p(x)) € V]0,1].

Problem 6.9. Let f,g € V[a,b]. Prove that f and g are bounded, f - g € V[a,b], and

Vo (f-9) < sup |g(@)]- V() + sup [f(x)] - Vy(g).
z€Ja,b] z€[a,b)

Problem 6.10. Let f,g € Via,b], and |f(z)| > C > 0 for = € [a, b]. Prove that ? € Vla,b].

Problem 6.11. Let f,g € Va,b]. Prove that max{f,g} € V]a,b].
Problem 6.12. Let f € V[a,b]. Prove that |f| € V[a,b], and V2(|f]) < V2(f).
Problem 6.13. Find all real o and 8 such that the function

f(:v):{ r®sinz?  for z € (0,1],

0 for x =0,
is of bounded variation on [0, 1].
Problem 6.14. Let f € Va,b]. Prove that f € C[a, ] if, and only if, V*(f) € CJa, b].

Problem 6.15. Let a set A C [a, b] be of Lebesgue measure zero, uA = 0. Find a continuous (non-strictly)
increasing function on [a, b] s.t. f'(z) = oo for any z € A.

Hint: To construct a necessary function, use the following auxiliary function
o0
g9(z) = n’xa,(x),
n=1
where G; D G2 D ... D A, and uG, <27 ™

Problem 6.16 (Fubini’s Little Theorem). Let {f,(x)}52; be a sequence of non-strictly increasing func-
tions on [a, b]. Let also the series

o0

> ful2)

n=1

converge everywhere on [a, b, and let f(z) be its sum. Prove that

fl@)=>Y_fix), ae on [a,b
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Problem 6.17. Construct a sequence { f,,(x)}22; of non-strictly increasing continuous functions on [—1, 1]

such that the series -

Z fn(x)
n=1

converges uniformly on [—1,1] to a function f(z), and

but f(0) = cc.

Hint: To construct a necessary function, use the following auxiliary functions

0, o< g2
gn(z) = 2ntl fr(x —27n7 1), 27l < p <27
VT, 27" <<l

Problem 6.18. Given a sequence {f,()}52,; C VJa,b] such that

i [fn(a)] <00 and iVab(fn) < o0,
n=1 n=1

prove that the series
oo
D> fal@)
n=1

converges to some function f(x) € V|a, b] uniformly on [a, b], and that
VA < SV
n=1
Problem 6.19. Consider the following jump function
h(z) = i argr (),
k=1

where
o0
o= Z lax| < oo
k=1

and gy (@) = X(cp,5) With ¢ € [a,b], ¢ # ¢; if k # j. Prove that V?(h) = a < cc.

Problem 6.20. Construct a strictly increasing function f(x) € Cla,b] N Via,b] such that f'(z) = 0 a.e.
on [a,b].

Problem 6.21. Let {f,(z)}52, be a sequence of non-strictly increasing functions on [a, b]. Suppose that
there exists a constant C' > 0 such that |f,(z)| < C for any z € [a,b] and for any n € N. Prove that
there exists a subsequence {f,, }32; converging everywhere on [a,b] to a non-strictly increasing function
on [a,b].

Problem 6.22. Let {f,(7)}5; C V[a,b]. Suppose that there exists a constant C' > 0 such that V()
and |f,(x)] < C for any x € [a,b] and for any n € N. Prove that there exists a subsequence {f,, }32,
converging everywhere on [a, b] to a function f € VJa,b].
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Problem 6.23. Let f € Cla,b]. For a given partition T = {a = tg < t; < -+ < tp—1 < t, = b} of the
interval [a, b] we define the intervals Ay = [tg_1, tx] and the magnitudes My = max f(t) and my, = tmiAn f(@)
[SYAA €A

fork=1,...,n. Let

n

UT) = (M, —m).
k=1
Prove that
b : .
= 1 = 1 QT
Valf) = flim Vr(f) = i O(T),
where \(T) = max |Ay|. Here the value V(f) can be finite or infinite.

Construct a function f ¢ V[0,1] and a sequence {T;}$2, of partitions of the interval [0, 1] such that
MT;) — 0 as i — oo and Vr,(f) = 0.

Hint: Show that liminf Vo (f) > a for any a < V2(f).
ANT)—0
Problem 6.24. Let f € Cla,b]. The function g(y) equal to the number of solutions of the equation

f(z) = y is called Banach indicatriz (g(y) = oo is possible). Prove that g is measurable and Lebesgue
integrable, and

Vo(f) = / ov)du(y).

R

Hint: Approximate g(y) by an increasing sequence of some measurable functions, and use Levi’s theorem
and Problem [6.23

Problem 6.25. Let f € Va,b] and f(z) = ¢(x) + j(x), where j(x) is the jump function related to f(x).
Prove that V2(f) = V2 () + V2(4).

Problem 6.26. Let f € Cla,b] N V]a,b]. Prove that there exist nonnegative non-strictly increasing
continuous function f;(z) and fo(x) such that f(x) = fi(x) — fa(x) and V2(f) = V2(f1) + V2(f2).

Problem 6.27. Let f € V]a,b]. Prove that there exist nonnegative non-strictly increasing function f;(z)
and fa(x) such that f(z) = fi(x) — f2(z) and V2(f) = V2(f1) + VE(f2).

6.1.3 Absolutely continuous functions

If a function f is absolutely continuous on [a,b], then we write f € AC]a, b].

Problem 6.28. Let f,g € AC[a,b]. Prove that f-g € AC|[a,b], and if g(z) # 0 on [a, b], then f € ACla, b].
g

Problem 6.29. Prove that if f € AC[a,b], then |f| € AC[a,b].

And conversely, prove that if |f| € AC[a,b] and f € C|[a,b], then f € AC|a,b].
Problem 6.30. Prove that if f € AC]a,b], then f € Va,b].
Problem 6.31. Construct a function f € C[0,1] N V[0,1] such that f & ACI0, 1].
Problem 6.32. Prove that if f € AC[a,b], then VZ(f) € ACJa,b].

Problem 6.33. Prove that f € AC[a,b] if, and only if, for any € > 0 there exists 6 > 0 such that for any
countable system S = {(a, bx)}3>, of disjoint open intervals in [a, b] with

Z'bk — ak| <46
k=1

one has
oo

Z | f(br) — flax)| < e

k=1
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Problem 6.34. Let f € AC|a,b], and suppose that g(z) is a non-strictly increasing on [c,d], g(z) €
ACe,d], g(c) = a, g(d) = b. Prove that f(g(x)) € AC|e,d].

Problem 6.35. A function f defined on [a,b] is said to possess Luzin N-property if for any Lebesgue
measurable set E, E C [a,b], with uE = 0, the set f(E) is Lebesgue measurable and p (f(E)) = 0.
Prove that if f € AC|[a,b], then f possesses Luzin N-property.

Hint: Use the result of Problem [6.33|

Problem 6.36. Let f € Cla,b]. Prove that f(F) is Lebesgue measurable for any Lebesgue measurable
set E C [a,b] if, and only if, f(z) possesses Luzin N-property.
Hint: Use the fact that continuous functions transfers compact sets to compact sets and the result of

Problem [3.22

Problem 6.37 (Banach—Zarecki). Let f € C[a,b]lNV[a, b], and suppose that f possesses Luzin N-property.
Prove that f € AC[a,b].

Problem 6.38. Let f € AC|a,b] be non-strictly increasing on [a,b], and let a set A C [a,b] be Lebesgue
measurable. Prove that
:/f@ﬁ
A

Hint: Prove first that the Lebesgue-Stieltjes measure py constructed with the function f is absolutely
continuous w.r.t. the Lebesgue measure .

where p is the Lebesgue measure.

Problem 6.39. Let F,G € AC|[a,b]. Prove that

F(z)G'(z)dp = F(b)G(b) — F(a)G(a) — / F'(2)G(x)dp.
[a,b] [a,b]

Problem 6.40. Let f € La,b], and suppose that the function G € AC]c,d] is strictly increasing on
[c,d]. Moreover, let G(c) = a, G(d) = b, and the inverse function G~1(y) belong to AC[a,b]. Prove that

f(G(y))G'(y) € L|e,d], and
/ f@in() = [ FG@)E 0)duty).

[a,b] [c,d]

Problem 6.41. Let f(z) be Lipschitz continuous on [a, b]. Prove that f € AC][a,].

Prove also that the function f(z) = Lz o (0,1], f(0) = 0, is absolutely continuous on [0, 1], but not
n

Lipschitz continuous.

Problem 6.42. Find all real o and 8 such that the function

fz) =

r®sinz®  for 2z € (0,1],
0 for =0,

is absolutely continuous on [0, 1].

Hint: Use Problems [6.41] [6.35] [6.13] and [6.37]

Problem 6.43. Let f € Cla,b]NV[a,b]. Prove that there exists a unique representation f(z) = g(z)+h(x),
where g € AC[a,b], g(a) = f(a), and h(z) =0 on [a,b] or h(z) € Cla,b]NV]a,b] is such that h(x) # const
and A/'(z) =0 a.e. on [a,b].




Chapter 7

Linear spaces

7.1 Holder and Minkowski inequalities

On the plane (£, 7), consider the line n = P~ for £ > 0, p > 1. Let the number ¢ be such that

11
S+ =1 (7.1.1)
poq

1
From this identity it follows that ¢ — 1 = 1 so ¢ > 1, since p > 1 by assumption. Moreover, the
p—

equation n = P71 is equivalent to the equation & = n9—1.

For a,b > 0, let S; be the square of the set bounded by the axis O&, by the graph of the function
n = &P, and by the line £ = a, and let Sy be the square of the set bounded by the axis On, by the graph
of the function n = ¢P~1, and by the line n = b. Obviously,

Sy + Sy > ab, (7.1.2)

where equality holds if, and only if, b = a?~!. The squares S; and S, can be calculated as follows

a

a? / b?
S = /fpfldg = 'y Sy = /anldn = e (7.1.3)
0 0

Substituting these values of S; and S5 into ([7.1.2)), we obtain the following inequality

P pa
ab< &+ =, (7.1.4)
p q
called the Young inequality. Note that the equality in (7.1.4) is possible if, and only if, b = aP~!, that is,
if, and only if, b = aP.

Holder inequality

Let (X, M(X), 1) be a measure space. Suppose that the measure p is complete and o-additive. Suppose
also that f,g € S(X) such that |f|?,|g|? € L(X), where p and ¢ are related as in (7.1.1). Put now in the

Young inequality (|7.1.4)
)

Q= ——— b= — 2~ 7~

lg(x
(J1slran) (J19t1ean )

)

S =
=

|f(2)] |
)| dp

123
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then we have

@)t BNV T 1
(J1s@pan)” (flotoean)’ p([1r@ran) o flowian)

The right-hand side of this inequality is Lebesgue integrable on X by assumption. Therefore, the left-
hand side is also Lebesgue integrable on X by property 8) of integral of measurable functions. Thus, we

have /If x)|dp /|f Pdu /|g Jody
(){|f($)pdu>pg|g($)|qdﬂ>; ({'f lpdu) @g e ra

1
[ 1#@g@lan < / Fora) st | (7.1.5)
X

This inequality is called the Holder inequality. For the case p = ¢ = 2 we get

[f(@)g(@)ldp < | [ [f(2)]*dp 5 lg(x)|*dp
X

This inequality is called Cauchy—Schwarz—Bunyakovsky inequality.

SO

S

Remark 7.1.1. We prove the Holder inequality under implicit assumption that the integrals / |f(z)Pdp,
X
/ |g(x)|9dp are non-zero. However, if, for instance, / |f(2)|Pdp = 0, then f(z) “= 0 on X by the property

X b'e
8) of integral of nonnegative functions. But in this case, the left-hand side of (7.1.5)) is zero together with
its right-hand side, so the inequality (7.1.5) holds.

Remark 7.1.2. In the proof of the Holder inequality we assumed that both integrals in the right-hand
side of are finite. In fact, the inequality holds if one or both integrals are infinite. But in
this case it becomes useless. The main meaning of the Holder inequality is that from the integrability of
the functions |f|P and |g|? we get the integrability of the product |fg|.

Remark 7.1.3. Since the equality in the Young inequality appears if, and only if, a? = b?, we have that
in the Holder inequality the equality appears if, and only if, | f(z)[? € C|g(x)|? on X for some constant
C>0.

Remark 7.1.4. In the same way, from the Young inequality, one can prove the following finite sum form
of the Holder inequality for real xp, v, k=1,...,n,

< (Z |> ’ (Z w) gy (7.1.6)
k=1

k=1

n
S e
k=1

where equality holds if, and only if,

el gl

n n
o lwklP D2 ke
k=1 k=1

,  Sgnx;y; = const, j=1,...,n.
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Remark 7.1.5. From (7.1.6)), one can easily deduce the following form of the Holder inequality

(Z |xk|p>; (g |yk|q> .

provided the series in the right hand-side of this inequality converge.

Minkowski inequality

Let now f,g € S(X) and |f|P, |¢g|? € L(X), p > 1. Consider two sets X1 = X (|f| > |g]) and X2 = X(|f| <
lg|). Then we have

/ (@) + g(x) Pdy = / (@) + () Pdp + / (@) + g(x) Py < 27 / | (@) Py + 27 / l9(@)Pdp,
X X1 Xo X, Xo
so |f + g|? € L(X). Moreover,
/ (@) + g(o)Pdp = / @)+ g@P - | f(@) + g(@)ldu <
X X
< / @)+ g@)P - |f(x)ld + / (@) + g@)P - lg(@))dp
X X

Applying Holder inequality to both summands in the right-hand side of the inequality above and recalling
that (p — 1)g = p, we get

/ (@) + g(@) Pdp < / F@)Pdu | + / lg(@)Pdy / (@) + g(x)Pdu
X

1
Now we divide both parts of the inequality by Q |f(z) + g(x)|pdu) ! to obtain the Minkowski inequality

q

D =

1
P

J1s@+g@pran) < | [1s@Pra " [lat@ran | (7.1.7)

1
Here we used the identity 1 — — = —.
qg P

Remark 7.1.6. We prove the Minkowski under implicit assumption that the integral / |f(z)+ g(x)|Pdu
X

is non-zero. However, if it is zero then the inequality (7.1.7]) is obvious.

Remark 7.1.7. We deduce the Minkowski inequality from the Hélder inequality which holds for p > 1.
However, the Minkowski holds for p > 1, since for p = 1 it is obvious.

Remark 7.1.8. Since the equality in the Holder inequality appears if, and only if, |f(z)[P = C|g(z)|? on
X for some constant C' > 0, we have that in the Minkowski inequality the equality appears if, and only if,
either f(z) = Cg(x) on X for some constant C' > 0, or g(z) = 0 on X.
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Remark 7.1.9. In the same way, from the Holder inequality, one can prove the following finite sum form
of the Minkowski inequality for real xy,yx, k=1,...,n,

1 1 1
n P n P n P
Slee el ] < (D) Dl (7.1.8)
k=1 k=1 k=1
where equality holds if, and only if,
z;=My;, A=0, or y; =0, j=1...,n.

Remark 7.1.10. As above, from ([7.1.8)), one can easily deduce the series form of the Minkowski inequality

(Z xk+yk|>p < <Z |xkp>p + <Z|yk|p>p , (7.1.9)

k=1 k=1 k=1

provided the series in the right hand-side of this inequality converge.

7.2 Linear normed spaces

Definition 7.2.1. A non-empty set V is called a linear or vector space over a field F' if it satisfies the
following conditions.

I. For any x,y € V, there is a uniquely determined element z € V called the sum of x and y, and
denoted as x + y. Moreover,

1) 2 +y =y + x (commutativity),

2) x4 (y+2) = (z +y) + 2 (associativity),

3) There exists an element 0 € V such that x + 0 = z for all z € V' (existence of zero),
)

4) For any = € V there exists in element —z € V such that z+ (—z) = 0 (existence of the opposite
element),

II. For any number « € F' and for any element z € V| the element ax € V is defined (the product of
the element x and the number «). Moreover,

) a(Bz) = (af)z,
) There exists a number 1 in the field F' such that 1 -2 = z for any z € V,
3) (a4 B)x = ax + fu,
)

Example 7.2.2.

1) The real line R with ordinary operations of addition and product by a real number is a linear space
over the field F' = R.

2) The collection of all possible n-tuple of real numbers @ = (z1,...,2,) with the following product
and addition

(x17~'-;'rn)+(yla"'7y7l) :($1+y17"'7xn+yn);
a(xy, ..., 2n) = (Qx1,. .., qxy),

is a linear space over the field ' = R. This space is denoted R™. Analogously, one can define the
space C™ over the field F' = C.
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3) The set of all (real or complex) continuous functions on [a, b] with ordinary addition and multiplica-
tion by a number (real or complex) is a linear space over the field R or C, denoted C|a, b].

4) The space [, p > 1, whose elements are sequences of numbers (real or complex)

x= (21, Tn,-..)
satisfying the condition
oo
Z |z|P < 400,
k=1

with operations
(1, s Tny o)+ W1y s Yny o) = (@1 F Y1y T+ Yy - 4)s

X1,y Tpy. o) = (@1, ..y, .. ),

is a linear space over the field R or C. The fact that the sum of two element in [, belongs I, follows
from the Minkowski inequality (7.1.9)).

5) The set of all convergent (real or complex) sequences with coordinate-wise summation and multipli-
cation by a (real or complex) number is a linear space.

6) The set of all (real or complex) sequences convergent to 0 with coordinate-wise summation and
multiplication by a (real or complex) number is a linear space.

7) The set of all bounded (real or complex) sequences with coordinate-wise summation and multiplica-
tion by a (real or complex) number is a linear space.

8) The set of all (real or complex) sequences (R or C*°) with coordinate-wise summation and multi-
plication by a (real or complex) number is a linear space.

Definition 7.2.3. Two linear spaces V and V' over a field F are called isomorphic if there exists a one-
to-ne correspondence between their elements which agrees with the linear operations in V' and V’. This
means that from z <> 2’ and y < ¢’ (x,y € V, o'y’ € V') it follows that

r+y e+

and
ar & ax’ Va € F.

Isomorphic spaces can be considered as different realizations of the same linear space. For example, the
space R™ (respectively, C") is isomorphic to the space R"~1[x] (respectively, C"~![z]) of all polynomials

of degree n — 1 with real (complex) coefficients.

Definition 7.2.4. Elements 1, z3, ..., x,, of a linear space V are called linearly dependent if there exist
m
numbers o, € F, k =1,...,m, such that > |ag| # 0 and
k=1
171 + aaxa + - -+ Ty = 0. (7.2.1)

Otherwise, the elements x1, x2, ..., x,, are called linearly independent. In other word, the elements
X1, Ta, ..., Ty are linearly independent if the identity (7.2.1]) implies a1 = ag = ... = ay,, = 0.

Definition 7.2.5. An infinite system of elements x1, xo, ..., of a linear space V is called linearly inde-
pendent if any its finite subsystem is linearly independent.
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If in the linear space V one can find n linearly independent elements, and any n 4 1 its elements
are linearly dependent, then the space V' is said to have dimension n. If in the space V one can find
arbitrary many linearly independent elements, then the space V' is called infinitely dimensional. Any
linearly independent system with n elements of n-dimensional space V is called a basis of the space V.

It is easy to show that the spaces R™ and C™ are n-dimensional.

Definition 7.2.6. A linear space V over a field F is called normed if for any x € V there exists the number
||z|| called the norm of the element x, satisfying the following conditions:

1) |lz|| = 0 (=0 if, and only if = 0),
2) |z +yll < [lzf| + [ly]| (triangle inequality),
3) ozl = lal - lal,
for all z,y € V, and for any o € F.
Note that the function p(z,y) = ||z —yl|, z,y € V, is a metric, since it satisfies the following properties
1) p(z,y) =20 (=0 if, and only if, x = y),
2) plz,y) = p(y, @),
3) p(,z) < p(z,y) + p(y, 2).
Thus, any linear normed space is a metric space!

Theorem 7.2.7. Let V be a linear normed space, and let a sequence {x,}52; C V is convergent tox € V
in the norm of the space V.. Then ||z, || = ||z|| as n — oc.

Proof. From the triangle inequality we obtain the inequalities

onll < llzn =2l + [zl Nzl < llzn = 2l + [lzall,
which imply
lnll = Nzl < [len =,
as required, since ||z, — x| = 0 as n — oo by assumption. O

Converse, of course, is not true. For example, the sequence of real numbers z,, = (—1)""!, n € N, has
no limit but the sequence |z,| = 1, n € N, converges to 1.

Definition 7.2.8. A linear normed space V is called complete w.r.t. its norm if any Cauchy sequence of
its elements converges, that is, from ||z, — 2| — 0 it follows that the sequence (z,,)22; converges.
n,m—00

Definition 7.2.9. Linear normed spaces complete w.r.t. their norm are called Banach spaces.
Example 7.2.10.
1) The real line R is a complete linear normed space with the norm ||z|| = |z|.

2) The spaces R™ and C™ become complete linear normed spaces of elements z = (z1,...,x,) if we set

n »
]|, = (Z |$k|p> ;1< p< oo
k=1

We can also introduce the norm

e = max fou.

It is easy to show that all the introduced norms are equivalent, that is for any py,pa € [1, +00] there
exist numbers ¢y, », and Cp, ,, such that

Cprpa 1Tlpy N2 llps < Cpy o 121y -
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3)

The set C[a,b] of (real or complex) continuous functions on [a,b] is a complete normed linear space
with the norm

£ = max /()]

Indeed, ||f|] = 0 for any f € C[a,b]. Moreover, if ||f|| = 0, it is clear that f(x) = 0 on [a,b].
Furthermore, for f,g € C|a,b] and for any x € [a, b], one has

[f(2) + g(@)| < [f(@)] + lg(@)| <[ fI1+ llgll-

Since it is true for any x € [a, b], this is true for || f +g||. Thus, || f|| satisfies the property 2) of norms.
The property 3) is obvious in this case.

Furthermore, if (f,)52,; C Cla,b] is a Cauchy sequence: ||f, — fm| — 0, then we have that
n,Mm—00

for any ¢ € [a,b] the sequence (f,(c))$e, is a Cauchy sequence of real (complex) numbers, so it is

convergent as R and C are complete spaces. Thus, the sequence (f,(z))52, converges pointwise to

a function f(x) on [a,b]. Since (f,(z))32, is a Cauchy sequence, we have that

Ve>03noeN: Vn>2nyVpeN m[a%)] | frap(x) — fu(z)| <e.
x€|a,

If p — oo, we obtain

Ve >03ng € N: Vn>ng max |f,(z) — f(z)] <e.

z€la,b]

Thus, the sequence (f,,(x))22, uniformly converges to f(z) on [a,b], so f € Cla,b] as a uniform limit
of a sequence of continuous functions. Consequently, C'[a, b] is complete.

The space [, p > 1, is a complete linear normed space with the norm

1
e p

2l = (lelp> :
k=1

Indeed, it is clear that the function ||z, : I, — [0, +00) satisfies the properties 1) and 3) of norms.
Moreover, by Minkowsky’s inequality ([7.1.9) it satisfies the property 2), so it is a norm by Defini-
tion [7.2.0l

Suppose (as(”));l“’:l is a Cauchy sequence of elements I, that is,
Z |x§€") — a:ém)|p -0 as  n,m — +oo. (7.2.2)
k=1

This, in particular, means that for any k € N
|1:,(€n) — z,(cm)| —0 as n,m — 400,

so for any k € N the sequence (x,(cn));l’ozl converges to a number x. Thus, we have an infinite sequence

x = (x)32,. It is left to prove that = € [,,. In its turn it follows from Minkowski inequality. In fact,
from (7.2.2]) we obtain that for any M € N and for any £ > 0, there exists a number ng € N such
that

M
Z |:c,(€") - x,im)\p <e n,m = ny.
k=1

As m — 0o, we obtain for any M € N,

M
E |$,(€n)—xk\p<5 n = ng.
k=1
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So when M — oo, one has

Z|x,(€")—:z:k\p§€ n = no.
k=1

Now by Minkowski’s inequality (7.1.9]), we get

o 5 /oo 5 /oo ;
(ZW) <<Zlm,i”>—w> +<Z|x,i”>|p>
k=1 k=1 k=1

Since both series in the right-hand side of this inequality are convergent, the series in its left-hand
side is convergent as well, so x € [,.

However, not every linear normed space is complete.

Example 7.2.11. Consider the set of all functions continuous on [—1, 1], and introduce the norm
1
1= @ [ 1f@ldi=®) [ 17 (7:23)
[=1,1] -1

It is clear that the number || f|| satisfies all the properties of norms. Thus, we get a linear normed space
that we denote as R[—1, 1].
Let (fn(z))22, C R[—1,1] be the following sequence

-1 if —1<z< -1,

fal@) =9 nx if —L<z<,

1 if  Ll<egl

It is easy to see that
1
1 1
15266) = fol = [ 1a(0) = (@l = |- = 1| 50 a5 > o,

-1

and .
| fn(x) —sgn(x)| = /|fn(x) —sgn(z)|de -0 as n — oo.
21

At the same time, for any function f continuous on [—1, 1] one has

0 < |[lf(z) = sgu(@)|| < [[f (@) = fu(@)l| + [|fn(x) —sgn(z)],
so the sequence (f,,)22 ; does not have continuous limit on [—1, 1]. Thus, the space R[—1, 1] is not complete.

As we will se below, the completion of the space R[—1, 1] (that is, roughly speaking, adding all the
limits of sequences of elements of the space R[—1, 1]) is exactly the space L[—1, 1] with the norm (7.2.3)).

7.3 Spaces L,

Let (X, M(X), ) be a measure space, and the measure u is supposed to be o-additive and complete.
Recall that two functions f,g € S(X)) are called equivalent on X and denoted f ~ g if f = g on X.
Let us split the set S(X) into equivalence classes. It is possible since the equivalence relation f ~ g is
reflexive (f ~ f), symmetric (f ~ g = g ~ f), and transitive (f ~ g, g ~ h = f ~ h). In what
follows, we denote the class of functions equivalent to a function f by the same letter f, and do not
distinguish functions that belong to the same equivalence class. So dealing with an equivalence class we
pick a representative function of this class (it may be any function in the class) and deal with this function.
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Definition 7.3.1. The collection of all equivalence classes of measurable on X functions satisfying the
inequality

[lf@Pdu <+, pz1, (7.3.1)
X
is defined to be a normed linear space L,(X, M, p1) with the norm

P

1l = /uwww (7.3.2)

Remark 7.3.2. The norm defined in (7.3.2)) is finite and does not depend on the representative functions
of equivalence classes, since all function from one equivalence class have the same integral over X.

Remark 7.3.3. In what follows we denote the class L, (X, M, ) as L,(X) if it does not lead to any
disambiguations.

It is clear that L,(X) is a linear space. Indeed, for any number A (real or complex) and for any
f € Ly(X), the class of functions Af belongs to the space L,(X) by the property 6) of integral of
measurable functions. Moreover, from the Minkowski inequality (7.1.7)). it follows that f + g € L,
whenever f,g € L,(X).

It is also easy to check that the number || f||, satisfies all the properties of norms. Indeed, ||f]|, > 0 for
any f € L,(X). Moreover, if || f||, = 0, then f “= 0 on X, so it is belong to the class of functions which
has the function f(x) = 0 as a representative function. Thus, the norm satisfies the property 1) of norms.
The property 3) is obvious, and the property 2) follows from the Minkowski inequality .

Definition 7.3.4. The convergence in the norm of the space L,(X) is called the convergence in the p'®
mean. For p = 1, it is usually called the mean convergence, and for p = 2 it is called the mean-square

L
convergence. If a sequence (f,,)>2; of functions in L,(X) converges to fo € L,(X), we denote f,, — fo.

Theorem 7.3.5 (Uniqueness of limit). Any convergent sequences in L,(X), p > 1, has a unique limit.
L L
Proof. Let (f,)%, be such that f,, —» fand f, —> g. Then by Minkowski’s inequality (7.1.7)) we have
n—oo n—oo

1f =gllp = 1(f = fo) + (fo = Dllp < = fullp + lg = full, =0 as n— oo,

so||f—gllp =0. Thus, f “< g on X, therefore, they belong to one class and are considered as one element
in the space L,(X) by Definition O

By Theorem we have

L
Theorem 7.3.6 (Continuity of norm). If f,, —> fo, p =1, then ||fullp, —> [If]lp-

L
Theorem 7.3.7. If f, —> fo, p =1, then (f,)3%, is a Cauchy sequence w.r.t. the norm || - ||,.
n—oo
Proof. By assumption, for any ¢ > 0, there exists a number ny € N such that for any n > ng one has
€
= fllp < 5.
Let n,m > ng. Then from Minkowski’s inequality ([7.1.7)), it follows that

1 = Finllp = [1(fr = £) + (F = Fudllp < fu = Fllp + 1f = fnllp <&,

as required. O
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The converse statement is not so easy to prove and means that the space L,(X) is Banach, provided
uX < 4o00. To prove this statement we need the following lemma which can also be helpful in some other
cases.

Lemma 7.3.8. If f € S(X) and f € L,(X) for some number p > 1, then f € L, (X) for any p1 € [1,p).
Moreover, the following inequality holds

p

1
(X/ F@Pde | < @x)me (X/ )P dy (7.3.3)

Proof. Let us introduce the numbers p’ and ¢’ as follows

1 1
It is easy to see that — + — = 1.
pq

Applying the Holder inequality with powers p’ and ¢’ to the integral / |f(x)|P*dp, we obtain

X
P1 pP—p1 P1
o P P P p—p1 P
Jir@ran= [1r@radn< | flrre | [ ) w05 firer]
X X X
1
that gives us (7.3.3) after taking powering in —. O

b1

Theorem 7.3.9 (Riesz-Fischer). The space L,(X), p > 1, uX < +00, is a complete linear normed space,
that is, it is Banach w.r.t. the norm || - ||p.

Proof. Let (f,) > be a Cauchy sequence of functions in the space L,. For any ¢ > 0, there exists a
number ng € N such that

[ 1@ = lrdn<er. mn s o (7.4
b's
If p > 1,then from ([7.3.3) with p; = 1 we obtain

p—1
/ (@) — Fa@)ldp < @X)'F e, min>no.
X

Consequently, if (f,)5%; is a Cauchy sequence in L,(X), p > 1, it is a Cauchy sequence in L;(X).

Furthermore, for the number ¢ = o* there exists a number ng (k) such that
1
[fm(2) = ful2)ldp < o, m.n 2> no(k).
X

For k = 1, we take ny > ng(1), then for k = 2, we take ny > max{ni,no(2)}, etc. When we have the
numbers ny < ny < --- < ng_1, we take ng > max{ni_1,no(k)}, etc. Thus, we obtain a subsequence
(fni )72, such that

1
[ 1@ = @l < 5. k=12,
X
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Introduce the following function

9(x) = | fu, (z |+Z|fnk — fres (@)]-

(7.3.5)

By Lemma [7.3.8] all the terms of this series are integrable functions. According to Levy’s Theorem [5.2.3]
one has

[o@an= [ 15 @ldi+ 3" [ 1)~ o s@ld < [ 1o @ldat Y g < +0
X k:2X X k=2

X

By the property ) of integral of nonnegative functions, the function g(x) is finite a.e. on X. In other
word, the series converges a.e. on X. Therefore, the series

fri (@ +Z (frn (@) = fr_y (2))
k=2

also converges a.e. on X, and its sum fy(z) is a measurable and a.e. finite on X. Moreover, we have

k
folw) = lm | fu, () + D (fa, (2) = fo, - (2) | = lim (fu,(2)):
j=2

k—-+4o0 k— 400

Thus, the subsequence (f,, )72, converges to fy(z) a.e. on X.
Put now m = ny in the inequality (7.3.4)). Since

| i (2) = fu(2)[? = [fo(z) = fn(x)P a.e. on X,
by Corollary

/ | fo(z z)[Pdp < e, n=mno. (7.3.6)

Now we prove that fy € L,(X) and that f, —> fo- Indeed, for any number n > ng, by the Minkowski

inequality (7.1.7)) and by (7.3.6]), we have

P
/ fo@)Pdu| = / (fol@) = ful@)) + fu(@)Pdn | <
/|f0 x)|Pdp /Ifn Wedu | <e+ M, < +oo,

where M,, = /|fn(m)|pdu . Thus, fo € L,(X).

Now from ([7.3.6) it follows that
||fn_f0||p<57 ’I’L?’I’LO,

which means that the sequence (f,,)%%, converges to fo in p'* mean.
So, we get that a Cauchy sequence in L, converges, as required. O



134 CHAPTER 7. LINEAR SPACES

Note that the condition uX < +oco was used only to establish that any Cauchy sequence in L,(X),
p > 1, is a Cauchy sequence in L;(X). This means that we can omit this condition for the space L (X).

Corollary 7.3.10. Let X be the space R™ or any subset of R™ with finite or infinite measure. Then the
space Ly (X) is complete w.r.t. the norm || - ||1.

From the proof of Theorem [7.3.9| we obtain the following fact.

Corollary 7.3.11. Let X be the space R™ or any subset of R™ with finite or infinite measure. If ()22,
converges to f in L1(X), then there exists a subsequence (fn, )5, such that

fo, X5 f on X,

7.4 Relations between different types of convergence

Let (X, M, p) be a measure space with X < 400, and let (f,)52; be a sequence of measurable functions
on X, and fy € S(X). We know the following kinds of convergence.

1) Uniform convergence on X,
2) Convergence a.e. on X (pointwise convergence),
3) Convergence in the space L, (convergence in p*® mean),

4) Convergence in measure.

Let us consider interrelations between these kinds of convergence.

1. Uniform convergence implies all other kinds of convergence.

a) If (fn(2))52, converges to fo(x) uniformly on X, then it converges to fo(x) for any = € X, so it
converges pointwisely (almost everywhere) on X.

b) By definition of the uniform convergence, for any € > 0 there exists a number ny € N such that for
any n = ng and for any z € X the following inequality holds

|fn(z) = fo(z)] <e.
This implies
P 1
I = dallo = | [ Vula) = fa@)P | < )7,
so fn i) fo-
c¢) From the definition of the uniform convergence we get
X(|fo—folz2e)=2
for any n > ng. Therefore, f, - fo.

However, convergence in measure, converges in p*" mean, and point-wise convergence do not imply the
uniform convergence, generally speaking.
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Example 7.4.1. Let X = [0,1], and p be the Lebesgue measure. Consider the sequence f,(z) = z™.

This sequence converges to fo(z) = 0 a.e. on X (everywhere but the point z = 1). Moreover, for

any p > 1,
1
e folo = [1em—or ] = (=L} 0
n Oflp — xz _np+1 n—00

SO fn i fo. Additionally, for any 0 < ¢ < 1, one has
X (fu—fol 2 0) =1~ o — 0,

1
p

therefore, f,, - fo. However, fn(x) does not converge to fo(x) uniformly on X, since

sup |fn(z) = fo(z)| = sup |2"|=1 /= 0.
z€[0,1]

z€[0,1] n—00

I1. Pointwise convergence and convergence in p® mean are incomparable.

Example 7.4.2. Let X = [0,1], and p be the Lebesgue measure, and let

N
8

N
—_

Clearly, f, =% fo where fo(z) = 0. However,

||fn—fo||p=([ ) = fofa)ldn | = | [nde| =1 4 0.

0

SO fn # foin Ly(X).
Example 7.4.3. Let X = [0,1], and p be the Lebesgue measure, and let

1 c m—1 m
T i
_ ) k ) k )
Prm () = m—1 m
07 x € » 7 |
k k
where k =1,2,..., and m = 1,2,...,k. Let us represent the functions ¢; ; as one sequence as follows:

fi@) = en(x), fol@) =p2(2), f3(z) = pa(z), fil®)=p3n(x), f5(z)= (), ...,

SO 1
fn($):§017j(1'), n:]+2k, l:172a"'7 .]:17277l
k=1

The sequence f,, converges in p'" mean on [0, 1] to the function fy(z) = 0, since

P % g 1
=l = | [ 100 = potpan | = | [ ras] = (3)" 0
0,1] m—1
k

Obviously, k — 0o <= n — oo. Thus, the sequence f,, converges in p'® mean on [0, 1] to the function
fo(x) = 0, but it does not converge at any point of the interval [0, 1] as it was established in Example[4.3.11
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II1. Pointwise convergence implies convergence in measure. Converse is not true, generally speaking.

This was established in Theorem (4.3.10) and Example |4.3.11

IV. Convergence in p™ mean with exponent py implies convergence in p'™ mean with exponent py for any
1< p1 <ps2.

This follows from the estimate ([7.3.3) proved in Lemma |7.3.8
The converse statement is not true, generally speaking, as the following example shows.

Example 7.4.4. Let X = [0,1], and p be the Lebesgue measure, and let

n 1 1
(7) b 9 0 < X g )
folz) = Inn 1 n
0, — <z <1,
n
for some p > 1. Put fo(x) = 0.
Since we have
1
p % p 1
n 1 P
Y — = o Pg _ g _ (1 ’
I = dallo = | [ 15a()lPdn [ e (m) "
0,1] 0
S0 fn i) f07 but fn(m) 7L> f() in pgh mean for any p; > p, because
1
1 P1
frn N\ T NERY
an - f0||p1 = (7) P dx =n P .| — — +o00.
Inn Inn n— o0

0

V. Convergence in p*™ mean for any p > 1 implies convergence in measure.

Since convergence in p'" mean for any p > 1 implies convergence in mean (that is, with the exponent
p = 1), it is sufficient to show that f, L fo implies f, - fo.
So let f, L, fo- For any o > 0, § > 0, and € = 00, there exists a natural number ng = ng(e) such that

| fr = foll1 = / | ful(x) = fo(z)|dp < e.
X

By Chebyshev’s inequality (see the property 7) of integral of nonnegative functions), one has for any n > ng

pX (| fn = fol 2 0) < é/lfn(x) — fo(@)|du < g =4,
X

S0 fn 5 fo.
The following example shows that converse is not true.

Example 7.4.5. Let X = [0,1] and p be the Lebesgue measure. Suppose that
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The sequence f,, converges to the function fo(z) =0 in measure on X, since for any o > 0

MX(lfn - f0| = U) <

S|

However, for any n € N

| fr = foll1 = / | (@) = fo(z)|dp =1,
X
5o fn #— 0 in p'™ mean for any p > 1.

7.4.1 Approximation of integrable functions

We say that a family G of integrable functions is dense in L,(X), p > 1, if for any f € L,(X) and € > 0,
there exists g € G so that ||f — g||, < e. Fortunately, we are familiar with many families that are dense
in L,(X), and we describe some in the theorem that follows. These are useful when one is faced with
the problem of proving some fact or identity involving integrable functions. In this situation a general
principle applies: the result is often easier to prove for a more restrictive class of functions (like the ones
in the theorem below), and then a density (or limiting) argument yields the result in general.

Theorem 7.4.6. Let X be a compact set in R™, and let FF C X be closed. If 1 is defined and continu-
ous on F, then there exists a function ¢(x) defined on X satisfying the following properties

a) o(x) is continuous on X ;
b) o(z) =¢(z) for any z € F;
¢) max |p(x)| = max [ (z)].

Proof. For the case X = [a,b], a proof can be found in the book [8, Chapter 4, § 4, Lemma 2]. A similar
proof for arbitrary compact set X C R" is more difficult.
Another way (more topological) is to take the function

: (z,y)
inf w(y)—i—p -1), zeX\F,
p@)=4 " ( ol F) ) (7.4.1)

P(x), reF,

which satisfies all the conditions of the theorem. Here p(z,y) = || — y||2 and p(z, F) = ing plz,y). O
ye

Problem. Prove that the function (|7.4.1) is continuous on X.
From Theorems and it immediately follows the following fact.

Theorem 7.4.7 (Luzin). Let X C R™ be a compact set. Then for any f € S(X) and for any € > 0 there
exists a function g continuous on X and such that uX(f # g) < e.
If |f(z)| < M, then |g(z)| < M, as well.

Corollary 7.4.8 (Frechet). Let X C R™ be a compact set. Then for any f € S(X) there exists sequence
(fn)22, of continuous functions converging to f a.e. on X.

Corollary 7.4.9 (Borel). Let X C R™ be a compact set. Then for any f € S(X) there exists sequence
(fn)22, of continuous functions converging to f in measure on X.

Now we can study function families dense in the space of all integrable functions.

Theorem 7.4.10. Let X C R™ be a compact set. The following families of functions are dense in L1(X):
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(i) The bounded measurable functions.
(i) The simple functions.
(iwi) The step functions.
(iv) The continuous functions of compact support.

Here X is supposed to be the space R™ or a (bounded or unbounded) subset of the space R™.

Recall that the set suppf = {z € X : f(x) # 0} is called the support of the function f (note that
support of a function is always a closed set by definition).

Proof. Suppose that f € Li(X). By the absolute continuity of Lebesgue integral (see the property 10) of
integral of measurable functions), for any € > 0 there exists § > 0 such that

/ fldp < <
Xs

for any X5 with pXs < 4.

Now by the property 4) of integral of measurable functions, we have uX(f = +oo) = 0. By Theo-
rem [4.4.4] for any § > 0 there exists a bounded function g € S(X) such that uX(f # g) < 6, and we set
g(x) =0 for any x € X(f # g). So finally we get

)[|f—gdu= [ Vfldu<e.

X (f#9)
Thus, ||f — g|l1 < ¢, as required.

Let again f be an integrable function on X. We can always represent f as follows f = f* — f~, where
fT and f~ are nonnegative functions defined in Definition and it now suffices to prove the theorem
when f > 0.

For (ii), Theorem m guarantees the existence of a sequence (hy)72 ; of non-negative simple functions
that increase to f pointwise. By the Lebesgue Dominated Convergence Theorem [5.3.13] we then have that

/f(:c)du: lim [ h,(z)dy,
n—o0
X X
o

lim [ (f(z) = hn(z))dp = 0,

n— o0
X

that is equivalent to
lf = hulls — 0 as n — 0o,

since f — h,, > 0 for any n € N. Thus, there are simple functions that are arbitrarily close to f in the L,
norm.

For (iii), we first note that by (ii) it suffices to approximate simple functions by step functions. Then,
we recall that a simple function is a finite linear combination of characteristic functions of sets of finite
measure, so it suffices to show that if A is such a measurable set, then there is a step function ¢ so that
llxa — ¢|l1 is small. However, since A is measurable, then by Deﬁnitionfor any € > 0 there exists an
elementary set B such that

w (AAB) = n(AAB) < e.

m
The elementary set B = > K is a finite sum of bricks that we can always consider as almost disjoint (see
=1

Definition [3.5.8). Thus x4(z) and ¢(x) =

NgE

Xk, (x) differ at most on a set of measure ¢, and as a result

k=1

we find that ||xa —¢|1 <e.
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By (iii), it suffices to establish (iv) when f is the characteristic function of a brick. In the one-
dimensional case, where f is the characteristic function of an interval [a, ], we may choose a continuous
piecewise linear function g defined by

1, z¢€la,b],

g(x):{ 0, z&la—¢eb+el,

and with g linear on the intervals [a — ¢, a] and [b,b+¢]. Then ||f —g|l1 < &. In n dimensions, it suffices to
note that the characteristic function of a rectangle is the product of characteristic functions of intervals.
Then, the desired continuous function of compact support is simply the product of functions like g defined
above. O

Remark 7.4.11. Note that there exist some other ways to approximate the characteristic function of
measurable set by continuous functions with compact support. For further details, see [5l [4].

Remark 7.4.12. In fact, bounded measurable functions are dense in the space L,(X). To prove this it
is sufficient to note that if f € L,(X), then f? € L1(X), and use absolute continuity of Lebesgue integral
for the function fP, at the same time, approximating the function f by a bounded measurable function.

As an application of Theorem we now examine how continuity properties of f are related to the
way the translations f. vary with ¢ (see Definition . Note that for any given x € R”, the statement
that f.(z) — f(z) as ¢ — 0 is the same as the continuity of f at the point x.

However, a general f € L;(R™) may be discontinuous at every z, even when corrected on a set of
measure zero. Nevertheless, there is an overall continuity that an arbitrary f € Li(R"™) enjoys, one that
holds in the norm.

Proposition 7.4.13. Let f € L1(R"™). Then
If = felh =0 as c¢—0.

The proof is a simple consequence of the approximation of integrable functions by continuous functions
of compact support as given in Theorem

Proof. By Theorem for any € > 0, one can find a continuous function g of compact support such
that ||f — g|l1 <e. Now

fc_f:(gc_g)+(fc_gc>+(g_f)'

Since ||fe — gell1 = |If — gll1 < € and since g is continuous of compact support we have that clearly

ch—gnl=/\g<w—c>—g<x>|dmo as ¢ 0.

Rn

So if |¢| < d, where § is sufficiently small, then ||g. —gl|1 < ¢, and as aresult || f. — f]j1 < 3¢, whenever |c| <
J. 0O

The results above for L;(R™) lead immediately to an extension in which R™ can be replaced by any
fixed subset X of positive measure. In fact, if X is such a subset, we can define L;(X) and carry out the
arguments that are analogous to L;(R™). Better yet, we can proceed by extending any function f on X
by setting f = f on X and f =0 on R" \ X, and defining ||f|lz,(x) = ||f||Ll(Rn). Moreover, for measure
spaces (X, M, u) with compact X, the statement of Theorem can be partially established for the
spaces L,(X) with p > 1.

Theorem 7.4.14. The following families of functions are dense in L,(X), p > 1, where X C R™ is a
compact set:

(i) The bounded measurable functions.
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(i) The continuous functions.

Proof. The proof of the statement (i) is similar to the one in Theorem [7.4.10 Indeed, if f € L,(X), then
by the absolute continuity of Lebesgue integral (see the property 10) of integral of measurable functions),
for any € > 0 there exists § > 0 such that

[iranee
Xs

for any X5 with pXs < 4.

Now by the property 4) of integral of measurable functions, we have uX(f = too) = 0. By Theo-
rem [4.4.4] for any § > 0 there exists a bounded function g € S(X) such that uX(f # g) < §, and we set
g(x) =0 for any x € X(f # g). So finally we get

[ir=grau="[ ipau<er
X

X(f#9)

Thus, ||f — g|l1 < ¢, as required.
Now it is enough to approximate a bounded measurable function in the norm L,. Let f € S(X) be
bounded, so |f(z)|] < M. By Theorem for any € > 0 there exists a continuous function g s.t.

pXo = puX(f #g) < i

Then we have
I~ gllz = / f — glPdy = / 1 — giPdu < @MY - uXy < <.
X Xo

From this theorem and from Weierstrass’ theorems it easy to obtain the following facts.

Corollary 7.4.15. The families of polynomials and trigonometric polynomials are dense in Ly[—m, ],
pzl

Recall that trigonometric polynomials are functions of the form

Ty(x) = C;—O + Z (am cosmz + by, sinmz).

m=1

7.5 Basic theory of inner product spaces

In this section we introduce a more narrow class of linear normed spaces, namely, the inner product spaces.

Let X be a linear space over the ﬁelcﬂ F=C.

Definition 7.5.1. The function (-,-) : X x X + C is called inner (scalar) product of the elements of the
space X if it possesses the following properties:

1) for any z € X, (z,2) >0 (=0 <=z =0);
2) (x,y) = (y,2) for amfay € X;

3) (ax+ By, 2) = alx, z) + B(y, z) for any z,y,z € X and o, 5 € C.

1n fact, the theory discussed here can be easily transferred to the case F = R.
2In the case F = R, this property looks as (z,y) = (y, )



7.5. BASIC THEORY OF INNER PRODUCT SPACES 141

From the properties of the inner product it follows thatﬂ

(z, ay) = (ay, 2) = aly, z) =@ (y,2) = a(z,y).

Definition 7.5.2. A linear space X over a field F with an inner product is called Fuclidean if F = R, and
is called unitary if F = C.

Let X be a Euclidean (unitary) space. For any z € X, introduce the following number

el = /(& a). (75.1)

This number is denoted as norm. And we have to prove that this is a norm, indeed. To do this, we need
the following inequality:
@yl <zl -lyl,  Vo,yeX. (7.5.2)

This inequality is called Cauchy—(Bunyakovsky)-Schwarz inequality. For finite sums it was proved by
Cauchy in 1821. For integrals, it was proved by Bunyakovsky in 1859 and by Schwarz in 1888.

To prove the inequality , let us represent the inner product as follows (z,y) = |(x,y)|e?’. Then
for any t € R we have

(te="x 4y, te™Pux +y) = (te™Pu, te™ ) + (te P, y) + (y,te™"2) + (y,y) =
= teie ' te—w ! (l’, m) + te—ie(x7y) + tie(yvx) + ||y||2 = t2H1'||2 + ||y||2 +t- |(.’IJ, y)| +t- |(y,x)| =

= t*)lz||* + 2t - |(z, )] + [ly[I* > 0.

The quadratic polynomial is nonnegative if, and only if, its discriminant is non-positive. In our case, the
discriminant has the form |(z,y)|?> — ||z||? - ||y||?, and its non-positivity implies (7.5.2).
Prove now that the number (7.5.1)) is a norm.

1) |z 20 (=0<=z=0).

This property follows from the first property of inner products.
2) The triangle inequality

By the Cauchy—Bunyakovsky-Schwarz inequality, we have

lz+y)|? = (z+y,2+y) = 2>+ (z,9) + (@,9) + [[y]* = |=]* + 2Re(z, ) + [ly]* <

<zl + 21, )l + Iyll* < llel® + 20l -yl + lyl* = (el + llyi)*.

Consequently,
e +yll < ll=ll + [lyll, (7.5.3)

as required.

3) lloz| = V/(aw, az) = \/a - a(z,2) = V/]a] - [l2[] = |a] - ||z].

Thus, we have that any Euclidean (unitary) space is a linear normed space.

Proposition 7.5.3. The inner product of a Euclidean (unitary) space X is a continuous function of its
variables.

Proof. Indeed, let 2, — x and y, — y by norm in X. Then by Theorem lynll = llyll as n — oo, so
there exists a constant C' > 0 such that ||y, || < C for all n € N. Thus, by Cauchy-Bunyakovsky-Schwarz

inequality (7.5.2]) we have
|(@n, yn) — (2, 9)] < [(@nsyn) — (@ un)| + (@, 0n) — (@,9)] = (@0 — 2, 90)| + (2,90 — y)| <
< lzn =2l -yl +llyn =yl - 2]l < Cllzn =2l + lyn =yl - l2ll — 0.

Thus, lim (z,,yn) = (z,y), as required. O

n—oo

3If F = R, then we have (z,ay) = a(z,y).
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Definition 7.5.4. For any two non-zero elements x,y of a Euclidean space X, cosine of the angle «
between x and y is defined by the following formula

__(zy)
- Nyl -

It is clear that if = g, then (x,y) = 0. Thus, we can introduce for both Euclidean and unitary spaces
the following notion.

Definition 7.5.5. Two non-zero elements x and y of a Euclidean (unitary) space are called orthogonal if
(z,y) = 0. We denote thisas z Ly

For orthogonal elements of Euclidean and inner product spaces there exists the Pythagorean theorem.

Theorem 7.5.6 (Pythagorean theorem). If x L y, then
Iz +ylI* = ll=[* + [lyl|*.
Proof. Indeed, we have
o +yl? = (@ +y, 2 +y) = l|l2” + (2,9) + (y,2) + [ly]* = [|2]I* + (@, 9) + [lylI* = 2] + [y]>
O

Definition 7.5.7. Let X be a Euclidean or unitary space. A system (e, )¥_; of elements of the space X
is called orthogonal if (e, en) = 0 whenever n # m. Here w can be finite or infinite (if the space X is
infinite-dimensional).

The system (e, )%

“_, is called orthonormal if

1 if m=mn,
(e'ruem) = .
0 if m#n.

Definition 7.5.8. Let (e,)¥_;, 1 < w < 00, be an orthonormal system of elements of a Euclidean (unitary)

space X. For any € X, then numbers
Cn(x):(x,en), n:1,2,...,w,

w

are called Fourier coefficients of the element = with respect to the system (e, )¥_;.

Theorem 7.5.9 (On projection). Let (ey)p_, be an orthonormal system of elements of a Euclidean (uni-
tary) space X. Suppose that x € X and

Then
Proof. Note first that for any k =1,...,n,

so that for 1 < k < n we have

(z —y,er) = (z,ex) — (y,ex) = cx(x) —cr(y) = 0.

Therefore,

(@—y,y) = (x—y, > crl@)er) =D cu(@)(x —y,ex) =0,
k=1

k=1
as required. O
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Corollary 7.5.10. If (ex)}_, is an orthonormal system of elements of a Euclidean (unitary) space X,

then
2 n
~ St
k=1

n
E AK€k
k=1

Proof.

2 2 2

= laa|* - [lex* +

2

= [lares||* +

n
E A€k
k=1

n
g AK€l
k=2

n
E A€k
k=2

n
aie; + E ageg
k=2

n
= Jar]? + Jazl? + - + Jan> = 3 larl
k=1

O

Theorem 7.5.11 (Bessel’s inequality). Let X be an infinitely dimensional Euclidean or unitary space. If
(en)S 4 is an orthonormal system of elements of the space X, then

S lea@P < ol Voex. (7.5.4)
n=1
m
Proof. Let y = > c¢p(2)en. Then by Theorems [7.5.6| and [7.5.9) we have
n=1
lll* = llz = ylI* + lly]1*. (7.5.5)

Since ||z — y||*> = 0, from (7.5.5) we obtain

Slen@P =yl <llzf>  vmeN.
n=1
Tending now m to +o0o we get (7.5.4)), as required. O

o)
By the Bessel inequality (7.5.4) for any x € X the series Y. |c,(x)|? converges, thus we have the
n=1

following corollary.

Corollary 7.5.12 (Riemann—Lebesgue’s Lemma). Let X be an infinitely dimensional Euclidean or unitary
space, and let (e,)22 1 be an orthonormal system of elements of the space X. Then for any x € X its Fourier
coefficients c,(x) satisfy the following
cn(x) — 0.
n—oo
Theorem 7.5.13. Let (ex)7_, is an orthonormal system of elements of a unitary space X. Suppose that
z € X, and cp(x), k =1,...,n, are its Fourier coefficients with respect to the system (ex)i_,. Then the

functional
AL Az, An) = (=D Akerl|, M, A2, .. A\ €C
k=1

achieves its minimal value for
A = cx (), k=1,...,n.

This property is called the minimization property of Fourier coeflicients.
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Proof. Let

Since (z —y) By Corollary [7.5.10| and by Theorem we have

n 2
Tr — E )\kek
k=1

2 2

- = llz — y|1* + -

—y+ > (c(@) — Me)ex
k=1

> (en(@) = Aex
k=1

n
= o —yl* + > e — el
k=1

It is clear now that

2 n

= llz =yl = lel® = llyI? = lal® = Y len(@) .

k=1

min
Ay An

n
xr — E )\kek
k=1

O

The geometric meaning of this theorem is that the shortest distance from a point to its orthogonal
projection to a subspace is the perpendicular from the point to the projection.

7.5.1 Gram-Schmidt orthogonalization method

Let X be an infinitely dimensional unitary (Euclidean) space, and let (x,)22; C X be a countable system
of linearly independent elements of X. We show that in X there exists a countable orthonormal system
(en)S2 of elements of X such that for any n € N the element e, is a linear combination of elements 1,
T, ..., Ty. Our proof of this fact is constructive.
Since the system (x,)$2; is linearly independent, ||z1| # 0. Set now e; := ”;C—IH Then we set
1
Yo 1= aél)el — T2, and find 04(21) from the condition (e1,y2) = 0. Then we have

aél) = (z2,€1).

Since the system (z,,)52; is linearly independent, y2 # 0, so we can set

Y2

eg 1= ——|
Y2l

(2)

gl)el + ay’es —xz3. We find af(;) and a§2) from the conditions

and (e1,e2) = 0. Furthermore, let y3 = a.
(y3,e1) = (y3, e2) = 0. Obviously,

2
of) = (z3.e1),  of = (23,€2),
and y3 # 0, so we set
Y3
€3 1= ——.
lys||
Let we already have an orthonormal system (e,)™ ; such that each e, is a linear combination of
elements x1, z2, ..., xp. We set yp41 = af}llel + oszlleg + o agﬁzlen — xp, and find the coefficients
afﬁzl, k=1,...,n, from the conditions

(Ynt1,ex) =0, k=1,...,n.
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Then .
aSH)-l = (zpy1,€k), k=1,...,n,
and yn41 # 0, s0 ,
n+1
En+1 ‘= .
" g

Continuing in the same manner, we will get a countable orthonormal system (e, )52 ; of elements of X
such that for any n € N the element e, is a linear combination of elements 1, o, ..., x,. This process
is called the Gram—Schmidt orthogonalization process.

7.5.2 Orthonormal systems in infinitely dimensional spaces

Let again X be an infinitely dimensional unitary (Euclidean) space, and let (e,,)52; be an orthonormal
system of elements of X (that always exists as we established above).

Definition 7.5.14. For any x € X the series

oo
Z cn(x)en,
n=1

where ¢, (z) = (z,e,), n € N, is called the Fourier series of the element x.

From the identity (7.5.5)) it follows that the Fourier series of any element x € X converges to = (in the
norm of the space X induced by the inner product) if and only if the following identity holds:

2> =" len(z)[. (7.5.6)

This identity is called Parseval’s identity.

Definition 7.5.15. An orthonormal system (e, )22 ; of elements of X is called closed (in Steklov’s sense)
if for any x € X Parseval’s identity (7.5.6) holds.

Thus, we obtain the following fact.

Theorem 7.5.16. Any element of an infinitely dimensional unitary (Euclidean) space X can be expanded
into its Fourier series w.r.t. an orthonormal system (en)22, C X if, and only if, the system (e,)22 is
closed (in Steklov’s sense).

Let now
To, Q€ A,

be a system of linearly independent elements of a linear normed space X over a field F. Here A is the set
of indices (finite, countable or of higher cardinality).

Definition 7.5.17. The collection of all elements of X of the form > A,za, A\ € F, is called the linear
a€cA
span of this system, and denoted span (z,).
a€cA
Definition 7.5.18. The systemlﬂ (Zo)aca of elements of a linear normed space X is called complete in X
if its linear span is dense in X, that is, if for any = € X the following conditions hold:

for any € > 0 there exist elements zq,, Tay, ---, Za, Of the system (24)aca and numbers Ay, Ag,

...y Ap € F such that
n
T — Z)\kxak <e.
k=1

41t is supposed to be linearly independent.
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Example 7.5.19. By Theorem [7.4.10| the following systems of elements of Ly[a,b], p > 1, are complete in
Ly[a,b]: bounded measurable functions, step functions, simple functions, continuous functions of compact
support.

Theorem 7.5.20. Let X be in infinitely dimensional unitary (Euclidean) space, and let (en), be an
orthonormal system of elements of X. If the system (e,)5 is complete, then every element x € X can
be expanded into its Fourier series w.r.t. the system (e,)22

n=1-
Proof. Since the system (e,,)52 is complete, for any « € X and for any € > 0 there exist numbers a1, ag,

..., an,. € F such that
2

N
xr — Z QpCn < €.
n=1
From Theorem ([7.5.13)) and from ([7.5.5)), we have
N. N. 2 N. 2
Hx||2—Z|(x,en)|2 = :E—Z(x,en)en < x—Zanen <e
n=1 n=1 n=1

This means that
oo
2 =" (2, en)]?
n=1

So the system (e, )22 is closed (in Steklov’s sense), therefore, every element z € X can be expanded

into its Fourier series w.r.t. to the system (e,,)22. O

7.6 Hilbert spaces

This section is devoted to complete inner product spaces.

Definition 7.6.1. A Euclidean (unitary) space is called a real (complex) Hilbert space if it is complete
with respect to the norm induced by the inner product (that is, defined by the formula (7.5.1))).

Example 7.6.2. The (complex) space ls is a (complex) Hilbert space with inner product

oo
(‘ray)zzxngn’ VI,ZJGZ%
n=1

since [y is complete with respect to the norm

~  \32
IIxII—<Z|x2> =V(z, ),

as we proved in Example|7.2.10

Example 7.6.3. Another example is the space Ls[a,b] with inner product

b
(f.9) = / f@)g@de,  Vf.g € Lala,b,

which is complete w.r.t. the inner product induced by this norm. We will study this space in detail in
Section [7.6.5]
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Theorem 7.6.4. If a = (a,)52, € la, then for any orthonormal system (e,)5%, of elements of a Hilbert
oo
space H, the series Z anen converges. Moreover, there exists an element x € H such that this series is

n=1
the Fourier series of x.

Proof. From the Pythagorean theorem it follows that for any natural p < m,

P 2 p
3 o] = 3l
n=m n=m

o0

Since the series Z lan|? converges (because a € lp), we obtain that the sequence of partial sums S, =
n=1

m o0

Z apen, of the series Z anen is a Cauchy sequence:

n=1 n=1

P
|Sp — S|l = Z anen|| — 0 as p,m — co.
n=m

Since the space H is complete, the sequence S,, has a limit x € H which is the sum of the considered series

[e%S)
T = E ApCn
n=1

Furthermore, by Proposition the inner product is a continuous functional of its variables, therefore,

m— o0 m—r o0

m m
(z,e,) = lim <Z akek,en> = lim (agek,en) = ap.
k=1

k=1
o0

Thus, the series E anén is the Fourier series of the element z, as required. O
n=1

Theorem 7.6.5. Let H be a Hilbert space (real or complex). An orthonormal system (e,)2, C H is

n=1
complete if, and only if, the only element of H orthogonal to any e, n € N, is the zero element.

Proof. If the system (e,,)5; is complete, then by Theorem Parseval’s identity holds. So if
(z,en) = cp(x) =0, n € N, then ||z| =0, so z = 0 by the first property of the inner product.

Conversely, suppose that the system (e, )32 ; C H is such that the only element of H orthogonal to all
elements e,, is zero. Consider an element x € H and show that if a series

o0
E QAn€n
n=1

is the Fourier series of x, then it converges to x in the norm of the space H induced by its inner product.

Indeed, from Bessel’s inequality (7.5.4) it follows that the series Z |an|2 converges. So by Theo-
n=1

rem [7.6.4] there exists an element y € H such that

e’}
y = E a/ne’ru
n=1

oo

and E anén is the Fourier series for y. Thus, we have

n=1
(x —y,en) =0, Vn € N,

so x —y = 0, as required. O
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Remark 7.6.6. Some authors call an orthonormal system in a Hilbert space H complete if only if the
zero element of H is orthogonal to all the elements of the system. Theorem [7.6.5] says that this definition
of complete systems is equivalent to our Definition |7.6.5)

Proposition 7.6.7. An orthonormal system (e,,)22, of elements of a Hilbert space X is closed (in Steklov’s
sense) if, and only if, it is complete.

Proof. Let (e,)52; be closed. From Parseval’s identity (7.5.6)) it immediately follows that if for some
x € X we have ¢,(x) =0, n € N, then ||z|| = 0, so = 0. Therefore, the system (e, )2 is complete by

Theorem [7.6.5
If (e,)52; is complete, then by Theorem [7.5.20| any element z € X can be expanded into its Fourier
series. Now Theorem [7.5.16| implies that the system (e,,)52; is closed. O

n=

The following theorem will allow us to study closed systems of functions in the space of integrable
functions.

Theorem 7.6.8. Let a set L C H is dense in a Hilbert space H, and let an orthonormal system (e,)22 1 C
L is closed in L. Then it is closed in H.

Proof. Let x € H. Consider the partial sums

Sn(z) = Z c(x)e.

k=1

n

It is clear that S, (Ajx; + Aszs) = A1S,(x1) + A2Sp(x2) for any 1,20 € H and for any Ay, Ay € F.
Moreover, by Bessel’s inequality (7.5.4)) we have ||S,(x)] < ||z||.

5
By assumption, for any ¢ > 0 there exists an element y € L such that ||z — y|| < 3 Thus, we obtain

[z = Sn(2) | < llz =yl + [15n(y) = Sn(@)]| + ly = Sn(@)]- (7.6.1)

Note that by Bessel’s inequality (7.5.4]) and by assumption

5
150 (y) = Su(@)ll = [1Suly — )l < lly — 2]l < 5. (7.6.2)
Moreover, by assumption the system (e, )52 ; is closed in L, so for the element y Parseval’s identity (7.5.6])
holds:
lyl® =" lex (),
k=1
and by ([7.5.5)) we have

ly = Su@)II* = 1> = D" lex(w)? < (7.63)
k=1

for sufficiently large n. Now from (|7.6.1)—(7.6.3) it follows that

[ = Sn(z)]| <e

for sufficiently large n. This means that the system (e,)5; is complete, so by Theorems[7.5.16|and [7.5.20|
it is closed, as required. O
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7.6.1 Isomorphism of separable Hilbert space

Definition 7.6.9. Two Euclidean (unitary) spaces X; and Xo are called isomorphic if there exists a
bijection (one-to-one correspondence) F': X7 — X5 such that

(F(x)7F(y))2 = ('T7y)7 z,y € X1,

where (+,-); and (-,-)2 are the inner products of the spaces X; and Xs, respectively. F' is called an
isomorphism.

Definition 7.6.10. A subset L’ of a linear space L is called a subspace of L if L’ is a linear space. A
subset is called closed if for any sequence (x,)52; C L’ convergent to an element x € L, we have that
zel.

Definition 7.6.11. A real (complex) Hilbert space H is a completion of a Euclidean (unitary) space X if
there is a subspace X’ in H isomorphic to X and dense in H.

Theorem 7.6.12. Any Fuclidean (unitary) space has a completion.

This is a particular case of the corresponding theorem for metric spaces and we leave a proof of this
theorem for the class of ”Functional Analysis”.

Definition 7.6.13. A linear normed space X is called separable if there exists a countable complete system
of elements of the space X.

Definition 7.6.14. A countable system (e, )% ; of elements of a linear normed space X is called a basis
of the space X if every element x of the space X has a unique expansion w.r.t. this system, that is, there
exists a unique series sequence ()22 ; such that

)
T = E /\nen
n=1

Here the series converges to x w.r.t. the norm of the space X, that is,

n
Ye>0 dN: Vn >N, x—Z)\kek <e.
k=1
Example 7.6.15. By the 15* Weierstrass theorem, the system (z™)°; complete in C[a,b], but it is not

a basis in C[a,b]. Later we will show that the system
1,sin x, cos x, sin 2x, cos 2x, . . ., sin nx, cos n, . . .
is a basis in Ly[—m, 7). We will also show that this system is not a basis in C[—, 7].
Theorem 7.6.16. In any separable Euclidean (unitary) space there exists an orthonormal basis.

Proof. Let X be a separable Euclidean (unitary) space. Then there exists a countable complete linearly
independent system ()52 ; of elements of the space X. Using the Gram—Schmidt orthogonalization
process, from (x,)52; we construct an orthonormal system (e;,)5; which is complete in X. By Theo-
rem any element of X can be expanded into its Fourier series w.r.t. this system, so (e,)52; is an
orthonormal basis in X. O

Theorem 7.6.17. Any separable real (or complex) Hilbert space H is isomorphic to the space la over R

(or C).
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Proof. By Theorem [7.6.16] in H there exists an orthonormal basis (e,)52 ;. Then to each element = € H
we can correspond the sequence ¢, (z) = (z,e,), n € N, of its Fourier coefficients. By Theorem [7.5.20)
the system (e,)2; is closed in Steklov’s sense, so the Fourier series of the element x satisfies Parseval’s

identity 50 (cn ()22, € la.
Conversely, let a = (a,,)22; € la. Then by Theorem the numbers a,, n € N, are the Fourier

coefficients of an element = of the space H.
Thus, between the spaces H and Iy there exists a one-to-one correspondence. Furthermore, it is obvious
that if z ~ (a,,) and y ~ (by,), then (ax+pBy) ~ a(a,)+5(b,), where o, 8 € F. Moreover, by Theorem|7.5.20

we have
oo oo
2> = lanl® Yl = bal?,
n=1 n=1

and from the continuity of the inner product (see Proposition [7.5.3)) it follows that

(@9 =Y anby = (a,b)1,. (7.6.4)

O
It is clear that the space [y is separable, thus, from Theorem we obtain the following fact.
Theorem 7.6.18. All separable infinitely dimensional Hilbert spaces are isomorphic to each other.
Proof. Let H and H' be separable infinitely dimensional Hilbert spaces. According to Thg;)rem
there exist orthonormal bases (e,,)22, C H and (e},)S2; C H'. Then to each element x = Z anen, € H

n=1
9]

we correspond the element z' = Z ane,, € H'. Clearly, this is the required isomorphism. O

n=1

From the facts established above it follows that if (e, )% is a basis in a separable Euclidean (unitary)

space X, then the completion of the space X is a Hilbert space consisting of all the series of the form

o)
E QAn€n
n=1

where (a,) € lo, with the inner product of the form

(LE, y) = Z angna
n=1

whenever
) L)
T = E Up€n, Y= E bnen.
n=1 n=1

Note that not every Hilbert space is separable.

Example 7.6.19. Let Hg be the set of all functions defined on R and having at most countable number
of non-zero (real) values satisfying

ZmQ(t) < 00, vV (t) € Hg.
teR

This is a Euclidean space with the inner product

(@(t), y(t)) = Y w(t)y(t). (7.6.5)
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For every function f(t) defined on R the set {t € R : f(t) # 0} is called the support of f and is denoted
as suppf. Thus, the space Hy is the space of functions with countable support.

This space is complete. Indeed, let {z,(¢)}{° is a Cauchy sequence in the norm induced by the inner
product : for any & > 0 there exists a number N, > 0 such that VYn,m > N,

w
D lwnlts) —am(th)]* <e,  1<w< o0,
k=1

oo
where ¢, € T, and T = |J supp[z,(t)]. It is clear that T is at most countable as at most countable union

n=
of at most countable sets. Thus, we have that for any ¢, € T,
| (t) — 2 (te)]? <,

so the sequence x, (tx) is a Cauchy sequence for every t;, € T, thus z,(tx) converges to z(t;). The function
z(t) has at most countable support. Moreover, for any finite number M < w, we obtain

M
D lwalte) —zm(te)l <e,
k=1

and running m to infinity
M

Yl (te) — x(tr)” <,
k=1
SO

w
n = 2l =Y |zn(ts) — 2(te)]* <e.
k=1
Now for sufficiently large n we get
2] < llen — 2| + l|za]|* < oo.

Therefore, x € Hg, so Hg is a real Hilbert space.
However, Hy is not separable. Indeed, if

1, t=m,
x,(t) =
0, t#m,
then ||z, — /|| = V2 whenever 7 # 7/. There exists a bijection between the system {z,(¢)},cr and the

real line R.

o0
If Hg were separable, there would exist a countable dense system (e, ) ;. However, |J supple,(t)] is
n=1
countable, so for any linear combination of any elements of this system there exists a point 7 € R that do
oo
not belong the |J supple, ()], so there are always exist functions x, that cannot be approximated by any

n=
countable system of elements of Hg, so this space is not separable.

7.6.2 Orthogonal projections

Let L be a subspace of a Euclidean (unitary) subspace X.

Definition 7.6.20. An element yg € L is called the orthogonal projection of an element xo € X onto the
subspace L if
(o —yo,y) =0  VyeL. (7.6.6)
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Clearly, every element x € X can have only one orthogonal projection onto L. Indeed, if there exist
y1,y2 € L such that

(z-y1,9)=0, (v—y2,y)=0 VyelL,
then
lr =92l = (1 —y2spn —z+ 2 —y2) = (Y1 — Y2, 51 — @) + (Y1 — Y2, @ — y2) =0,
since y; — y2 € L. Thus, y; = yo.

Theorem 7.6.21. An element yy € L is the orthogonal projection of an element xg € X if, and only if,
- = inf -yl 7.6.7
lzo = oll = nf flzo —y] (7.6.7)
Proof. If yo € L satisfies the condition ([7.6.6)), then for any y € L

2o — ylI* = ((xo — yo) + (Yo — ¥), (o — Yo) + (Yo — ¥)) = 2o — yolI* + lyo — v/,

so the condition (7.6.7)) holds.
Conversely, let the condition ([7.6.7)) holds for an element yo € L. Let us consider the function

f@)=llzo—yo+tyl?  teR,

where y is an arbitrary element of L.
If X is Euclidean, then we have

F(t) = llzo — yoll* + 2t(zo — yo, y) + t*|yl|>.

Since this function has the minimal value at the point ¢ = 0 by assumption, we obtain f’(0) = 0 that

implies the condition (7.6.6]).

If X is a unitary space, then

F(t) = llzo — yol® + 2t Re(wo — yo,9) + ||y 1%,

so analogously,
Re(xo — yo,y) =0 Yy € L.

And considering the function
g(t) = |lzo — yo + ityl|?, t e R,

in the same way we obtain
Im(ﬂfo*yo,y) =0 Vyg Lv

therefore, the condition ([7.6.6)) holds in the case of unitary spaces too. O

Theorem 7.6.22. If a subspace L of a Euclidean (unitary) space X is complete, then for any z € X,
there exists an orthogonal projection onto the subspace L.

Proof. According to Theorem [7.6.21] it suffices to prove that for any o € X there exists yo € L such that
T — = inf ||zg — y||-
lzo = oll = nf flzo —y]

Given x¢ € X, define the number
d := inf ||z — y||%.
;eL lzo =yl

Then there exists a sequence (y,)52; C L such that

lim |z — yn > = d. (7.6.8)
n—oo



7.6. HILBERT SPACES 153

It is easy to see that this system is Cauchy. Indeed, from the Apollonius identity

9 = w2 = 2llgn = o + 2lym — ol]* — 4 o — L2
which is true for any n,m € N, it follows that
’xo—ym+yn 2>d,
2
since w € L. So we have
[Ym = ynll® < 2lyn — zol|* + 2llym — zol|* — 4d, (7.6.9)

and (7.6.8]) implies that for any € > 0 there exists a number N € N such that for any n > N,

82

—ynll < d
o = yall < d+ 5

Thus from (7.6.9) we get

lyn — ymll <& Vn,m > N.

Since the subspace L is a complete linear normed space, there exists an element yo € L such that ||y, —yol| —
0 as n — co. From the continuity of norm we obtain

lim ||950 - ynll = ||330 - yoH,
n— o0

as required. O

7.6.3 Linear functionals and the Riesz representation theorem

Let again X be a Euclidean or unitary space.

Definition 7.6.23. Any number-valued mapping f is called a functional. That is, if f : X — C or R,
then f is a functional.

Definition 7.6.24. A functional f : X +— [ defined on X is called linear if
flazr + caxa) = c1f(z1) + caf(z2), Ver,c0 €F, z1,20 € X,
where F = C or R.
Definition 7.6.25. The set K = {x € X : f(x) = 0} is called the kernel of the functional f.

efinition 7.6.26. A functional f: X — C or R is called bounded if there exists a constant M > 0 such
that
|f(z)] < M||z|| Vz e X.

Lemma 7.6.27. A linear functional defined on a linear normed space X is continuous on X if it is
continuous at 0.

Proof. Let f(x,) — 0 as n — oo whenever x,, — 0 in X as n — oo, that is ||,| — 0.
Suppose that ||z, — x| — 0, that is, x,, = « in X. Then f(z,) — f(z) = f(z, —x) = 0 as n — oo,
n— oo

so f(xn) — f(x) as n — oo for any = € X. O

Theorem 7.6.28. In a normed space a linear functional is continuous if and only if it is bounded.
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Proof. Let f is bounded, and let ||z,|| — 0 as n — co. Then
[f(@,)]| < C - ||lan|| =0 as n — oc.

So f is continuous at zero, therefore, is continuous by Lemma [7.6.27]
Conversely, suppose that f is continuous but unbounded. Then there exists a sequence (z,,)22; C X
such that |f(z,)| > n|z,|. Introduce a new sequence

Ln

fn:

el

1
Since f is linear, we have |f (§,)| > 1. At the same time, ||§,|| = — — 0 as n — oo. Thus, we have £, — 0
n

as n — oo in the norm of X, so by continuity f (£,) — 0, a contradiction. O

Definition 7.6.29. Let f be a linear continuous functional defined on a normed space X. The number
7|l :== inf M where inferior is taken over all numbers M > 0 satisfying the inequality

[f(@)] < Mllz| Vo e X,

is called the norm of the functional f.

Lemma 7.6.30. The norm of a linear continuous functional defined on a normed space X can be defined
by the formula

flz

17 = sup LN o @) = sup 1) (7.6.10)
z€X, ||9CH xEX, zeX,
[lz||#0 [zl <1 lz||=1

Proof. Tt is easy to see that the norm ||f]| is the inferior of the numbers M > 0 satisfying the inequality

/()]

]

< M, Vre X, x#0.

This means that for any € > 0 there exists an element T € X, ||Z|| # 0, such that

|f(@)]
== > Ifll -«
1]
By definition of supremum, we have
f(x
17 = sup
vex, |zl
[l||#0

Furthermore, since |f(2)| _ f( x )7 “©

] ]

Ifll = sup |f(z)| < sup [f(x)].
reX, reX,
llzll=1 flzll<1

Now if ||z|| < 1, then
[F@F < WA =l < A1

SO
sup | f ()] <[ f[]-
lzll<1

Consequently,

This implies that
sup |f(z)| = [ fII.
lzll<1
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It is clear that the norm of lineal continuous functionals possesses all three properties of norms. So
we can introduce the linear normed space of linear bounded functional defined on X. This space is called
dual to the space X and is usual denoted X*.

Example 7.6.31. Let t; € [a,b], and ¢, € R, k =1,...,n, a < t; and ¢, < b. In C[a,b] consider the
following functional

f(x) = Z cxx(ty), x € Cla,b].
k=1

This functional is obviously linear.Moreover,
n

@] <Y lexl - e (te)] < (Z Ckl) Azl Ve e Cla, b,

k=1 k=1
SO n
flz
1= s TEL S
xeC[a,b], ||xH k=1

ll=ll#0

Thus, f is a bounded linear functional.
Consider now the function y(t) € Cfa,b] which satisfies y(t;) = sgncg, &k = 1,...,n, and is linear
between the points a,t1,...,t,,b, and y(a) = y(b) = 0. It is clear that ||y|| = 1. Then we have

)= cr-sgnee =Y |ekl-
k=1 k=1

So we found a function in Cfa,b] on which the functional f achieves the value equal to a bound of its
norm, so the norm is equal to this bound:

n

£ =" lexl-

k=1
In Hilbert spaces, it is possible to find a general form of any linear bounded functional.
Lemma 7.6.32. For any element a € X, where X is a Fuclidean or unitary space, the functional
f(@)=(z,a) z€X (7.6.11)
is linear and bounded. Moreover,
1f1I = llal-

Proof. The linearity of f is obvious, and the boundness follows from the Cauchy-Bunyakovsky-Schwarz
inequality:
[f@)] < flall - [lz]| Vo e X.

Since f(a) = [|a|?, we have | f]| = [|a]. =

Lemma 7.6.33. If a functional defined on X is given by the formula (7.6.11)), then the element a is
uniquely defined.

Proof. Indeed, let
f@)=(z,a) and  f(z)=(z,0),

then (z,b—a) =0 for any « € X. In particular, (b —a,b —a) = ||b—a| =0, so a =b. O

Theorem 7.6.34 (Riesz). Any linear continuous functional defined on a Hilbert space H can be uniquely
represented as in (7.6.11)) for a certain element a € H.
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Proof. Let K be the kernel of the functional f. From the continuity of the functional f it follows that K
is a closed subspace of the space H: if f(y,) =0,y, €Y, n € N, and y,, — y, then f(y) = 0. Moreover,
n—oo

since the space H is complete, the subspace K us complete as well (any Cauchy sequence in K converges,
and the limit must belong to K).
If K = H, then f(x) =0 on H, so clearly

f(z) =(0,z) x € H.

Suppose now that K # H. Then there exists an element 2o € H such that f(xzo) # 0. Let yp € K be
the orthogonal projection of the element o onto the subspace K which exists according to Theorem[7.6.22}
We set

20 = Zo — Yo-

Then we have f(z9) = f(zo) # 0, and (20,y) =0 for any y € K.

Since fa)
f(x—f(zo)zo):O r € H,

it follows that

@ ek Veem

f(20)
Therefore,

f(x) )

— 20,20 | =0 Ve e H
( f(20) o
Thus, we obtain
[zl

x,20) = - f(x).

050 = gy T
Note that f(zp) # 0 implies ||zo|| # 0. Consequently, the element a = Jlfizﬁg 2o exists, and

0

f(x) = (z,a), a€H,
as required. O

This theorem and Lemma [7.6.32] show that the space H* dual to a Hilbert space H is isomorphic to
H. This is principal difference between Hilbert and Banach spaces that isomorphic to a subspace of their
dual space.

Example 7.6.35. In [5 let us consider the following functional

= Tn + Tn+1
fla) = Z —on
n=1

where x = (z1,a,...,Zp,...) € lo. This functional is bounded. Indeed, if y € I is such that y,, = o
then by Cauchy-Bunyakovski-Schwarz inequality we obtain
= 1 = 1
@)<Y g Joral +23 sr -lameal <3yl -l
n=1 n=1

To find the norm we will use Theorem [7.6.34] The functional f can be rewritten in the form
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where a = (a1, az,...,an,...) with
1
alzi, anzz—n, n:2,3,....
Thus, by Lemma |7.6.32] we have
1 9 -1 1 9

7.6.4 Weak convergence

Definition 7.6.36. A sequence (z,,)22 ; of elements of a linear normed space X is called weakly convergent
to an element x € X if

lim f(z,) = f(z) Ve X"

n— oo

Due to the Riesz Theorem [7.6.34] we can define the weak convergence in Hilbert spaces in the inner
product form.

Definition 7.6.37. A sequence (x,)5; of elements of a Hilbert space H is called weakly convergent to
an element z € H if

lim (2,,y) = (z,y) Yy € H.

n— oo

This definition will allow us later to understand the notion of weak solutions of differential equations.

Theorem 7.6.38. If the sequences (x,)52, of elements of a linear normed space X converges to x € X
in the norm of X, then it is weakly convergent to x.

Proof. By linearity of the inner product and by the boundness of functionals in the space X* we have for
any y € X

[f(@n) = f(@)] = [f(en =) < f]- [lon =2 =0 as n— oo

O

Since any Hilbert space is a normed space, we have the corresponding theorem for Hilbert spaces which
we state separately for the sake of convenience in the future.

Theorem 7.6.39. If the sequences ()52, of elements of a Hilbert space H converges to x € H in the
norm of H, then it is weakly convergent to x.

Generally speaking, converse is not true.

Example 7.6.40. Consider the sequence of coordinate vectors (e, )22 ; in Iz, where e,, = (0,...,0,1,0,...).
n—1

This sequence weakly convergent in 5. Indeed, for any a € I3 we have

(en,a) = a, — 0 as n — 0o,

o0

since the series Y |a,|? converges. However, the sequence (e,)S%; is not convergent in Iz, because for
n=1

any a € ls

len = all? = llenll* = 2Re(en, a) + lla* — 1+ [lal* > 1.
n—r oo

However, in finite-dimensional case the weak convergence is equivalent to the convergent in norm.
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Example 7.6.41. Consider the space C" with standard inner product. Let (ex)}_; be an arbitrary
orthonormal basis in C”, and suppose that a sequence (z,,)5°_; weakly converges to an element x € C™.

Then we have . N
Ty = Zxﬁ,’f)ek and T = Zx(k)ek,
k=1 k=1

and

"Egi):(xmnek) — (xvek)zz(k)a k:]'V""n'
m— oo

This means that the sequence (x,,)5°_; converges to x entrywise. This implies
n
|2 — 2> =Y e —2®P 50 as m— oo
k=1

This example gives us an idea that in Iy the coefficient-wise convergence does not imply the convergence

1
in norm. Indeed, if (") € [, is such that xgcn) = ——, then
k2tn
2 _ _
ERIESY ( 1+1> => Sz <t Vel
k=1 \k2"n k=1 k Tn
. L . . 1
The coefficient-wise limit of the sequence z(™ is the sequence z whose coefficients are x;, = —» SO
k2

oo 2 o0
ol =Y <1> =Y 1=,

thus, z & ls.

With an additional property the weak convergence might imply the convergence in norm. In fact, by
Theorem it follows that if ||z, — z|| — 0 as n — oo, then ||z, || — ||z|. And converse is not true.

Theorem 7.6.42. Let a sequence (x,)5% of elements of Hilbert space H weakly converges to x € H, and

let [|[zn]] = ||z]| as n — co. Then (x,)5% converges to x in norm of H.

Proof. Since (x,)%°; weakly converges to z, we have (z,,,z) — ||z||? and (z,2,) — ||z||*>. Thus, we have
lzn = z)|* = llzn|® = (zn, 2) — (2, 20) + [|2]|* =

= [leall® = 12[”] + [lz|* = (zn, 2)] + [ll2[I* = (2,20)] 20 as n—oco.

7.6.5 The space L,
Consider now the (complex) space Lo[—m, w]. According to Theorem [7.3.9} the space is complete w.r.t.

the norm] )
2

1fll2 = / F@Pde| . e Lol-ml

™
51n spite of simplicity, in what follows we use the standard notation / g(z)dzx for the Lebesgue integral g(z)dp.
-

[—m,7]
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Moreover, we can introduce the following function of two variables

1
2

(f.9) = / f@)e@de| . f.g € Laf-m ). (7.6.12)

It is easy to see that this function defines an inner product on the space Lo[—m, 7| since it satisfies all
three properties of inner products. Indeed, for f € Lo[—m, 7], (f,f) = [|fl|3 > 0 (= 0 <= f = 0). This
is the property the norm || - |2 which we established earlier. The linearity of the function follows
from the linearity of Lebesgue integral (see Properties 6 and 7 of Lebesgue integral). Finally, the property

(f,9) = (g, f) is obvious.
Thus, the space Lo[—m, 7] is a Hilbert space with inner product defined by (7.6.12]).

Theorem 7.6.43. The space Lo|—m, 7 is separable.

Proof. Let f € Lo|—m, ). By Theorem [7.4.14] for any £ > 0 there exists a function g € C[—m, 7] such that
€
If—gll < 3 In it its turn, the function g can be approximated by a polynomial p by the first Weierstrass

theorem: Ifla,X | lg(x) —p(z)| < 6i This implies that
re|—m,T s
1
T 2 T
€ €
lo =l = | [lote) ~p@Pds | < max o)~ pla)| [do < 2m =5
z€[—m,m] 67 3

Furthermore, every polynomial p with complex coefficients can be approximated by a polynomial ¢ with
complex rational coefficients (that is, the real and imaginary part of every coefficient is rational). So if

p(z) = Y arx®, ar € C, and q(z) = Y bpa®, Reby, Imby, € Q, then
k=0 k=0

n
€
lp—qll2 <27- max |p(x) —q(z)| < QWZ lar, — bp|7* < =,
zE€[—m,m] 3
k=0
since we can choose a polynomial ¢ such that |a; — bg| < ;. Combining all the previous we
6(n + 1)7kt+l

get
If—dallz<If —gll2+llg —pll2 +[lp —qll2 <e.

Thus, the system of all polynomials with complex rational coefficients is complete in the space Lo[—,7].
By Example the set of polynomials with rational coefficients is countable. But every polynomial @
with complex rational coefficients has the form Q(z) = Re Q(z) + iIm Q(x). So the set of all polynomials
with complex rational coefficients is the union of two countable sets, so it is countable by Theorem
Since all the polynomials are Lebesgue integrable on [—7, 7], we get that the space Lo[—m7, 7] contains a
countable complete system, so it is separable. O

Note that this theorem can be proved much simpler. Indeed, according to Corollary [7.4.15] the count-
able system (2™)52; is complete in L,[—m, 7], p > 1, so even Ly[—m, x| is separable. But this system is not
orthonormal in Ly[—, 7] (for p # 2, Ly[a, b] has no inner product). So, the proof of Theorem gives
an idea that the orthonormal polynomial basis in Ls[—m, 7] can be a system of polynomials with rational
coefficients. In fact, such a system exists, and the polynomials are called Legendre polynomials. These
polynomials have the form

1 dar
T onpl dgn
Corollary 7.6.44. If Parseval’s identity w.r.t. a system (e,)>2, holds for all the functions ™, n =
0,1,2,..., then the system (e,)22, is closed.

Ln(x) (1’2 — 1)”
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Proof. Indeed, consider the polynomial
= Z akwk.
k=0
Then .
P)=>apSi(a"),
k=0

SO

m
[P — Sn(P)llz < Z\ak\ |2k — Sp(z®)|]2 — 0 as mn — 00.
k=0

Thus, Parseval’s identity holds for any polynomials, and the set of all polynomials is dense in Ls[—m, 7]

by Theorem O

But do orthonormal bases exist in Lo[—7, 7?7 Yes, as we mentioned above. Legendre polynomials form
such a basis. The existence of such a basis is provided by Theorems [7.6.43] and [7.6.16]
Let us consider the following countable system of continuous functions

1, sinx, coszx, ...,sinnz, cosnx, ... (7.6.13)

it is easy to see that this system is orthonormal in Ls[—, 7.

Lemma 7.6.45. If n € NU {0}, then

s

/Sin nxdx = 0.

—T
Proof. If n =0, then the statement is obvious. Let n > 0.. Then we have

™

/sinnmdm e =0.
n —
O
Analogously we have the following
Lemma 7.6.46. Ifn € N, then
/ cosnzdx = 0.
Lemma 7.6.47. For anyn € N,
/C082 nrdr = /sin2 nrdr = .
Proof. The formulee follow from the well-known identities
9 1+ cos2zx . 9 1 —cos2zx
cos“x = ———, sin“x = ——
2 2
and from Lemmata [7.6.45H7.6.46l O

So we get

Lemma 7.6.48. The system (7.6.13) is orthogonal in La[—m, 7).
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Proof. This fact follows from the Lemmata 7.6.47| and the standard formulae of sines and cosines
sums of sums of angles:

. . cos(n — m)x — cos(n + m)x
sinnz sinmz =

2 )
cos(n — m)x + cos(n + m)z
COS N COSMET = 5 :
. sin(n —m)x + sin(n + m)zx
sinnz cos mx = 5 ,

Corollary 7.6.49. The trigonometric system (7.6.13)) is an orthogonal basis in Lo[—m, .

Proof. Indeed, the trigonometric polynomials

= 50 + Z (am cosmz + by, sinmz)

m=1

are dense in Lo[—m, 7] by Corollary[7.4.15] But Parseval’s identity holds for any trigonometric polynomial:

/|T |2 :M+7TZ(|am|2+|bm|2).

m=1

Consequently, the system (7.6.13)) is closed in Lo[—m, 7] by Theorem [7.6.8f By Proposition the
system ([7.6.13)) is complete, so it is a basis in Ly[—m, 7| by Theorem [7.5.20 O

Thus, any function f from the space Lo[—m, 7] can be expanded in to the series

o0
+ Z (am cos mz + by, sinmz)

m=1

f@)=7

convergent in the norm of Ly[—m, ], where the coefficients a,, and b, have the form
1] I
=— / f(z) cosmadz, by = — / f(x) sinmadz, m=0,1,2,... (7.6.14)
7T 7r

are the Fourier coefficients of the function f w.r.t. the system (|7.6.13)).
From the properties of separable Hilbert spaces, we have following fact.

Proposition 7.6.50. A function f belongs to the space Lo|—m, 7] if, and only if, the sequences of its
Fourier coefficients defined by ((7.6.14)) belong to the space lo. Moreover, the Parseval’s identity holds:

113 = / f(@)Pde = 7120l +wz (aml? + bml?). (7.6.15)

From the proof of Theorem [7.6.17 (see formula ((7.6.4) it follows that for any two functions f,g €
Lo[—m, w] with Fourier coefficients

:n~

1] 7
:*/f(x)cosmxdx, / x) sin mzdzx, m=0,1,2,...
7r
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and i _
1 1 }
¢m = — [ g(x)cosmadz, dm = — | g(x)sinmadz, m=0,1,2,...
T T
one has .
(f.9) = /f(rv)g(w)d:r = L+ (an + bndn) (7.6.16)
_r m=1

This formula implies the following interesting fact.

Proposition 7.6.51. The Fourier series of a function f € Lo|[—m, ] w.r.t. the system (7.6.13) can be
integrated term by term over any measurable set A C [—m, 7], i.e.

/f(.’[)d/i = aoﬂA+Z an/cosnmdu—i—bn/sinnxdu . (7.6.17)
A n=1

A A

Proof. In fact, let g(x) = xa(x), the characteristic function of the set A. It is bounded and measurable,
since A is measurable. Substituting g(x) into the formula (7.6.16]) we get (7.6.17)), as required. O

Remark 7.6.52. Note that if (e,)52; is an arbitrary orthonormal basis in La[—m, 7], then Proposi-
tions [7.6.50(H7.6.51] are also true for the corresponding Fourier series w.r.t. this basis.
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7.7 Problems

7.7.1 Linear normed spaces. Spaces L,.

Problem 7.1. Prove that any normed linear space is a metric (linear) space with the metric p(f,g) =

If =gl

Problem 7.2. Prove that the space C''[a, b] of continuously differentiable functions on [a, b] with norm

= max |f(z)|+ max |f'(x
191 = ma 17+ mas. 17/

is a complete linear normed space. (Prove first that || f|| is a norm.)

Problem 7.3. Prove that the space of all bounded (real or complex) sequences is a complete linear normed
space with norm
[#]|oc = sup |z].
keN

Problem 7.4. Let f, — f in L1(X). Prove that |f,| — |f] in L1 (X).

Problem 7.5. Let f,, — f in L1(X), and f,, — ¢ almost everywhere on X. Prove that f “£ gon X.
Problem 7.6. Let {f,(z)},% € S(X) and fo(z) € S(X), where uX < +oc. Prove that if f, - fo on
X, and the functions f,(z), n > 1, are bounded almost everywhere on X as a whole (that is, there is one
constant for all functions for almost all points ), then f, LN fo on X.

2

Problem 7.7. Prove that the sequence f, = n®ze™™* n € N, converges everywhere on [0,1] to the
function fo(x) =0, but f,, does not converge in L2[0,1]. Does it converge in L;[0,1] and C]0, 1]?

Problem 7.8. Does the sequence f,(z) = (sinnz)™ converge to fo =0 in L, norm, p > 1, on [0, 7]?

Hint: Use Stirling’s formula:

nl = 27m<:)n(1+0(711>) as n — oo.

Problem 7.9. Do the following expressions define norms?

1) z +— |arctanz| for € R;

2) r— (Z |$k|p>p for x = (x1,...,2,) ER"If0<p<1andn > 2;
k=1
3) x+— max b|x(t)| for z € Cla, b];

agtga‘T

/ 1 .
4) z— |z(a)| + Jnax, |z’ (t)| for x € C'a, b];

5) z — |z(b) — z(a)| + n<1?é<b|9:’(t)| for x € C'{a, b].

Problem 7.10. Prove that in the space C[0,7] (with maximum norm) the functions 1,cost,cos?t are
linearly independent but the functions 1, cos 2t,cos? t are linearly dependent.

Problem 7.11. Consider the space B of all n times continuously differentiable functions on [a, b] with
the norm
T||s = max { su (DD (¢ ,
el = g (5w py(0)7 0]
where p;(t) € Cla,b], j =0,1,...,n, are some positive functions.
Prove that || - ||s defines a norm and that B is a complete space.
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Problem 7.12 (Extended Hélder inequality). Let f € L1(X) and g € Loo(X). Prove that fg € Li(X)
and

/V@M@WM<HNrHMw
X

Problem 7.13. Let 1 < s < p < oo. Show that there exists a function f € L, (0, +o0) for any r € [s, p]
such that f ¢ L,(0,+o0) for any r & [s, p].

Problem 7.14. Let f € L,(X) for all p > py > 1. Prove that there exists a finite or infinite limit of the
magnitudes || f||, as p — co. Prove also that if the limit is finite, then f € Lo (X) and

lim ([p]| = [[f/l-
p—+00

If the limit is infinite, prove that f ¢ Lo (X).
Problem 7.15. Let (f,)3%, C L,(X) and fo € L,(X) for some p > 1. Suppose that f, % fo, and
|fn(2)] < |g(x)] on X, Vn € NU{0}, where g € L,(X). Prove that f, Lo, f-

Hint: Prove first that Lebesgue’s Dominated Convergence Theorem is true if we change the convergence a.e.
to convergence in measure.

Problem 7.16. Let X < 400 and 1 < 7 < p < oo. Given a sequence (f,)52; C L,(X) such that
fn - f, suppose that there exists a number C' > 0 so that ||f,||, < C for any n € N. Prove that
n—oo

fn

Problem 7.17. Let 1 < p < co. Given a sequence {f,(z)}52,; C L,(X), suppose that

L (X)

—" f.

n—oo

oo

Y ally < +oo.

n=1

Prove that the series -
> ful2)
n=1

converges absolutely a.e. in L,(X), and

ST ta@)| <Y 1 fallp-
n=1 P n=1
Problem 7.18. Does the sequence {z,}S2 ; converge in the space E? Here

1 1 1
1) E=1, xn=10,...,0,—, , s, o> 1;
" n" (n+1)?" (n+2)°

n—1

1
2) E =1y, tn=|-.0....0.1,0,0,... | ;

———
n—2
tn+l tn+2
3) E=C'o,1], Tp(t) =

n+1_n+2;

t
“n, teR\Q,

. _ e
4) E = L41]0,1], T (t) { 0. _—
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1
Jn—nynt, te [0,] ,
n

1
0, te(,l},
n

Problem 7.19. Let [a,b] CR, 1 < p < oo, and let f € L,[a,b]. Define its modulus of continuity as follows

5) E = L2[07 1]7 (En(t) =

P

w(f;6)p = sup / @+ h) — f@)Pdy

0<h<s
[a,b—h]

Prove that w(f;0), — 0 as 6 — +0. Here p is the Lebesgue measure.

Problem 7.20. Let f,g € L1(R) and f(z) is bounded. Prove that the convolution

(f * 9)(x) = / F(Hg(x — Ddu(t)

is continuous on R.
Problem 7.21. Let f € L,(R), 1 < p < 400 and h > 0. Define
=g [ r@dute).
(z—h,z+h)
Prove that || fallz, </ flz,, and ||f — fullz, — 0 as h — +0.

Problem 7.22. Prove that a subspace Ly of a Banach space L is a Banach space if and only if Lg is
closed.

o)
Problem 7.23. Is the set L = {x = (@n)sl1 €l Y xp=0, zp € R} a linear closed subspace of the
k=1

o0
spaces I, p > 17 Remind that in I the norm is ||z]|1 = > |z,].
n=1

1 1 1
Hint: Consider the cases p = 1 and p > 1 separately. Consider the sequence (™) = | 1,— =, —=, ..., —==,0,0,...
n o n n

n

7.7.2 Linear inner product spaces

Problem 7.24. Let X be a complex normed space. Prove that X is a unitary space if and only if the
parallelogram identity holds:
Iz +ylI* + [l = ylI* = 2(/|z[|* + [ly]|)- (7.24.1)

Hint: As an inner product, consider the construction
1 1 . .
(@y) = 7o +yl* = e = yl*} + 7 {le +iyl* = llz = iy[*}, (7.24.2)

where i = v/—1. Prove first that (z,y) is continuous w.r.t. its both variables. Then use that fact that any
real number can be approximated by a sequence of rational numbers.
Prove the same for real normed linear spaces.



166 CHAPTER 7. LINEAR SPACES

Problem 7.25. Prove that in I, p # 2, it is impossible to introduce an inner product agreed with the

norm L
+o0 D
Iz, = <Z |$k|p> :

k=1

Hint: Use the parallelogram identity.

Problem 7.26. Prove that in L,[a,b], p # 2, it is impossible to introduce an inner product agreed with
the norm

b P
o= | [ 1f@Pas
Problem 7.27. Prove that the space C[a, b] of continuous functions on [a, b] with norm
1fll = max |f(z)]
z€[a,b]
cannot be a Hilbert space.

Problem 7.28. Prove that in a Euclidean (unitary) space X the following identity holds

2
; |

1 T+y
Iz = alP 4+l =l = 3lle =yl +2 s =
for any x,y,z € X. This identity is called the Apollonius identity.

Problem 7.29. Let X be the linear space of functions z(t) defined on (—o0, 00) and satisfying the condition

“+oo
/ |z(t)|2e " dt.

Prove that the space X with the inner product
+00
/ x(t)@e_ﬁdt, r,ye X
—o0
is a Hilbert space.

Problem 7.30. Prove that in an infinite dimensional Hilbert space H any closed unit ball contains

1
infinitely many non-intersecting closed balls with radius —.
A closed ball B(a,r) in H of radius r with the centre at a is the set B(a,r) ={z € H : |z —al < r}.

Hint: Use the fact that any infinite dimensional Hilbert space contains an infinite orthonormal system of
elements (due to Gram-Schmidt process).

Problem 7.31. Let L be a subspace of a Hilbert space H. The subspace Lt = {z € H : (7,y) =0 Vy €
L} of H is called the orthogonal complement of L. Prove that L' is closed.

Problem 7.32. Let L be a closed subspace of a Hilbert space H. Prove that H = L @ L', that is, any
x € H can be uniquely represented in the form 2 = u 4 v where u € L and v € L* and ||z — u| = [jv|. In
this case, u is the projection of z onto L.

Problem 7.33. Let L be a subspace of a Hilbert space H. Prove that L is dense in H (i.e. the closure
of L coincides with H: L = H) if, and only if, L+ = {0}.
Remind that the closure of L is the set consisting of all points of L and all limit points of L.



7.7. PROBLEMS 167

Problem 7.34. In the space Ls[—1,1], construct projections of any function z € Ls[—1,1] onto the
subspaces of even and odd functions.

Problem 7.35. Prove that for a fixed n € N the set

Ln - {$€l27$: (£Ia£27"') : ka :0}
k=1

is a closed subspace of l3. Describe L and find the distance between e; = (1,0,0,...) and L:
ple, Ln) = mf ly —exfs,.
Find also nh_}n;o pler, Ly).
Problem 7.36. For the function ¢!, find the polynomial p(t) of degree 2 such that the norm ||e* — p(¢)||
is minimal in Lo[—1,1].
Problem 7.37. Prove that the system ()22, is not a basis in Ly[0, 1].
Hint: Prove that if (")22, were a basis in L]0, 1], then any function f(t) € L]0, 1] would be infinitely
differentiable. To do this, consider the integral g(s) = | f(®)dt as a function on [0,1], where f is an

arbitrary function on L1[0, 1], and prove that g(s) is an infinitely differentiable function whenever ("),
is a basis.

2
Problem 7.38. Prove that the system e,(t) = V2 sin ., t, where p, are positive solutions of the
sin

n
equation tan p = pu, is an orthogonal system in Lo[0, 1].

Problem 7.39. Let a = (aq,aq,...) be a sequence of positive numbers: a,, >0, n € N, and let I3 o, be a
space of complex sequences x = (x1,xa, . ..) satisfying the condition

o0
Zak|xk|2 < 400.
k=1
Prove that the space l3 o, with the inner product
oo
Z OETEYE < +00
k=1
is a complex separable Hilbert space. Construct an orthonormal basis in this space if
1) ap=e"",neN;
2) ap,=n,n€eN;
3) ap =n*, neN.
Problem 7.40. Does the mapping f acting on the space X define a linear and/or continuous functional:

1)



168 CHAPTER 7. LINEAR SPACES

3) 1
ﬂ@:/ﬁ@ﬁ, X = 0,1,
4)
f(z) = [ 22(t)dt, X = L,[0,1];
/
5)

1
ﬂ@:/uom%% X = L[0,1];
0

Problem 7.41. Does the mapping f(x) = 2’(0) acting on the set L of differentiable functions in C[—1, 1]
define a linear continuous functional?

o0 o0
Problem 7.42. Does the mapping f(z) = Zxk acting on the subspace L = {z € [y : Zxk < oo}
k=1 k=1
define a linear continuous functional?
. . 11 1
Hint: Consider the sequence z,, = | —, —,...,—,0,0,
n'n n
n
Problem 7.43. Let R} be the linear normed space of n-dimensional vectors x = (z1,...,7,) with the

norm

n P
<Z |xk|p) if 1<p<+oo;
k=1

if p=-+oo.
lglggnlxkl if p=+4o0

2, =

Find the general representation of linear functionals in R}.
Problem 7.44. Prove that any linear functional defined on a finite-dimensional space is continuous.

Problem 7.45. Prove that a linear functional in a normed space is continuous if and only if its kernel is
closed.

Problem 7.46. Let f be a linear functional defined on a linear normed space L. Prove that f is continuous
if and only if the sets {x € L : f(z) <c} and {x € L : f(z) > ¢} are open in L.

Problem 7.47. Find the norm of the following functionals

1)

flz) = = on C[-1,1], €€ (0,1) is fixed;

2)

h IR k

flz) = /z(t)dt ~ ot kz x (n> on C[-1,1], n €N s fixed;
—1 =—n
3)
= k k-1 oo
f(z) = Z[l —(=1)¥] Tk where = (vx)h2; € l1;
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4)
= S where z = (z3)72> .
flz) = ; Ry h (Tr)pzy € L2
5) )
f(z) :/\/im(tQ)dt on L[0,1];
0
6)

fz) = [ z(t)sen (t;) At on Ls0,1];

O\M‘H

Hint: To prove that a number M satisfying |f(x)| < M|z is the norm of the functional f, try to find an

>M—¢,,and g, = 0
lnll

element x (||| = 1) such that f(xz) = M or a sequence (z,)52; such that

as n — oQ.
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Chapter 8

Divergent series. Cesaro and Abel
methods of summation.

8.1 Divergent series.

By definition, a number series
o0
S = § am
m=0

converges to the number S if its partial sums

n—1
Sn = Z Qm
m=0
have finite limit as n — oo which is equal S.
According to this definition the series
1-14+1-14+1-1+4"--- (8.1.1)

diverges. Indeed, its partial sums S,

that is,
Sopy1 =1, Sz =0, keN.

However, if we follow Euler and set (formally)
a=1-1+41-14+1—-1+4--,

then we obtain
a=1-(1-141-141-14---)=1—a,

so2a=1,and a = —.
2

We can get the same result in another way. To do this consider the function

flzy=> "= ! (8.1.2)

1—2

m=0

171
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This series converges for |z| < 1 but the function f(z) exists for z = —1, so we get
o0
1 1
= —1 = —1 m__ -~ = —.
0= S = Y= g =

m=0

However, the situation is not so good as it seems from the first view, because it can be shown that the

1
“sum” a of the series (8.1.1) can be a number different from 3 Indeed, let us represent the series (8.1.1)
as follows

a=1-0-1+41-0-1+1-0—1+4-- (8.1.3)

and consider the function
OIS DU it e W N L A (8.1.4)
4 _m:1 — T1—23 1—23 1—23 142422 o

From (8.1.3)—(8.1.4)) it follows that
2
= 1 = —.
a=g(1) =3
Moreover, it is clear that for any m,n € N, m < n,

4zt 2™  1—2m
S l4zdee-dzr 1—2n

gmn(l‘) =1—z™m + " — l‘m+n + J,'Qn _

SO
m

a = gmn(l) = E

Additionally, if we substitute z = —2 into (8.1.2)), then we get

2 o = 11
f(2)=1-2422 -2 4=} (-2 =5 =3 (8.1.5)

Here the “sum” of a series with integer terms is fractional. There is no paradox here, since = is not the

sum in usual sense. This is just a number functionally dependent on the series (8.1.5)). Moreover, if we
take z = 2 in (8.1.2)), then we obtain a really surprising thing

+oo
1
f(g):1+2+22+23+...222nzm:—1. (8.1.6)
n=0

Thus, without specific rules regarding “summing” of divergent series, we can obtain a lot of paradoxical
results.

8.1.1 General methods of summing

Let D be the set of all number series, D.(C D) be the set of all convergent series, and D,(C D.) be the
set of all absolute convergent series. Let S : D, — C denote the ordinary summation operator defined on
the set D.. To every convergent series S corresponds its sum: Vo € D, 35(0) € C, where S(o) is the sum
of the series o.

Consider now some other summation operator S* defined on B* C D. It is natural to assume that D, C
B*. Then the operator S* must possess the following properties:

1) Regularity:
Vo € D, S*(o) = S(o).
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2) Shift invariance:
S* <a0+ Zan> =qg+ S* (Z an> .
m=1 m=1
3) Linearity: Yo, 8 € C, and Vo109 € B
S* (a0 + Boa) = aS™(01) + BS*(02).

The second condition is less important, and some significant methods, such as Borel summation (see
below), do not possess it.
Sometimes S* possess an additional property

4) S*: B* — C is a homomorphism.

This means that S* preserves the product of series. For example, the operator S of standard summation is
a homomorphism on the set D,, since the sum of the product of two absolutely convergent series is equal
to the product of their sums.

Two summation methods (operators) S; and S defined on sets By and By are called consistent and
So is stronger than Sy if By C By C D, and

SQ(O’):Sl(J) Yo € B;.

In fact, it is possible to construct a hierarchy of some regular summation methods. That is, we can
find a sequence of summation operators S defined on sets By such that

D,CcD.cBiCcB,C---CD
and
Sk+1(0) = Sk(o) Yo € By

for k=0,1,2,.... Here Sg = S is the standard summation method.

Of course, it is possible to construct summation operators that are incomparable. In what follows, we
will consider a hierarchy of a sequence of summation operators.

Let us study two the most important for us summability methods.

8.1.2 Cesaro summability method
Let (8,)52; be a sequence of numbers. Then the numbers

81+ S+ -+ SN
N
are called Cesaro means. The sequence (s,)22, is called Cesaro convergent if the sequence (on)_; of

Cesato means has a finite limit.
Respectively, the series

(8.1.7)

ON =

00
> an
m=0

are called Cesaro summable if the sequence of its partial sums is Cesaro convergent.
For instance, for the series (8.1.1)), Cesaro means of the sequence of its partial sums have the form

1 k

— == k=1,2,3,....
27 O02k—1 2k_17 ) 4y 9y

02k =
1 1
It is clear that I\}im ON = 5, 80 the sum a = 3 of the series (8.1.1) obtained by Euler is the Cesaro sum
— 00

of this series.
Note that the Cesaro summability method possesses all three properties of generalized summation
operators.
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1) Cesaro summation method is regular.

o0
Indeed, let a series > a,, converges to a number A. Suppose first that A = 0, then for any § > 0
m=0
n—1

there exists a number M; > 0 such that for any n > M; one has |S,| < 0, where S,, = > am.
Moreover, since the sequence S,, is convergent, it is bounded, so there exists a number B >m0 0such
that |S,| < B for all n € N. Choose ¢ > ¢ > 0. Then there exists a number My > 0 such that
Vn > My
M, (B - §)
n

<e—9.

Let N > max{M;j, M5}, then we have

> > ISl
Sh n
S1+S51+--+ SN ngl 1Sl n=M;+1 M (B —9)
lon| = < + < +6<e.
N N N N

o0
If A # 0, we can consider a new series Y. @, such that ay = ag — A, and @, = a;,, m > 1. Then
m=0

we have that the sum A of this series equals zero, so oy — 0 as N — oo. But clearly §n =5,— A
for all n, so oy = oy — A. Therefore, oy — A as N — oco.

2) Cesaro summation method is shift invariant.

This property was, in fact, established in the previous item.

3) Cesaro summation method is linear.

This property is obvious because of linearity of the Cesaro means (8.1.7).

However, Cesaro summation operator is not a homomorphism as the following example shows.

1
Example 8.1.1. As we found above the series (8.1.1)) is Cesaro summable to 3 Consider the square of

this series:

b=a? = (Z(—m) = > (DT Y e (D))= 3 (<) 1),

m=0 m=0 el m=0
The partial sum of this series are
2k—1 2k—2
Sk =D (DM mA ) =k, Spa= D (D) mA) =k k=12
m=0 m=0

The series b is not summable, since S, — +00 and Sop_1 — —o0 as k — +o0o. However, this series is also
not Cesaro summable. Indeed, its Cesaro means have the form

S+ S+ + Sy 0, N =2k,

ON = kE+1
N —— N=2k+1
2k +1’ T

so the sequence oy has no limit, and b is not Cesaro summable.

o0
Theorem 8.1.2. If a series Y ay, is Cesaro summable, then a,, = o(n) as n — oo.
n=0
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Proof. Indeed, if oy — 0 as N — oo, then on — 0. Therefore, we have

(N+1)O'N+1—NO'N75N+1 -
N =N now? 70

N-1
where Sy = Y am,. Thus, we obtain
m=0

n n - &n n _1 n
n _ Swir Z5n _ Swn _nZl S g g_q,
n n n n n—1n-oo

oo
It is clear that the series Y. (—1)"(m + 1) is non-Cesaro convergent according to this theorem.
=

The next summability method possesses all four properties of summability methods we mentioned
above.

8.1.3 Abel summability method

For a given series
> am (8.1.8)

consider the function

where the series A(r) is supposed to be convergent for 0 < r < 1. The series (8.1.8) is called Abel summable
if there exists the final limit
Sa= lim A(r).

r—1-0

In this case, the number S4 is called the Abel sum of the series (8.1.8).
First, note that the Abel summability method possesses all three properties of generalized summation
operators.

1) Abel summation method is reqular.

This property can be proved directly. But it also follows from Theorem below.

2) Abel summation method is shift invariant.

Indeed,

oo oo oo
lim E amr™ =ap+ lim r E amr™ ' =ag+ lim E Q17
r—1-0 r—1-0 r—1-0
m=0 m=1 m=0

3) Abel summation method is linear.

This property is obvious.

Let us check whether the series b from Example is Abel summable. For 0 < r < 1, consider (formally)
the series

AR = S " = S ) = £ =] -
m=0 m=0 m=0 r——r z=—r



176 CHAPTER 8. DIVERGENT SERIES. CESARO AND ABEL METHODS OF SUMMATION.

Since we supposed that r € [0,1), the differentiation of the series is possible. Moreover, the series A(r)
converges for r € [0,1), and we have
1

, 1
Sa= ot

The Abel summation is related to the analytic continuation of functions.
Example 8.1.3. Consider the Riemann zeta-function

+oo
1
s) =D —-
n=1 n®
This series converges for Re s > 1, but the function {(s) can be analytically continued to the domain C\ {1}
where it is meromorphic. For example, by analytic continuation it is known that

m=1 m=1
Therefore,
- 1
3 = 2 (1 m 4 ) 2
thus L1
(-
The following example will be useful later.
Example 8.1.4. Consider the series
1 =
5+ ; cosnf, 6 #0. (8.1.9)

The limit lim cosnf does not exist, so the series (8.1.9)) diverges. Let us find out whether this series
n—oo
Abel summable. To do this, consider the series

—+oo
1
5+ ;r” cosnb, (8.1.10)
where r € [0,1). The series of absolute values of its terms

1
3 + 2:17""| cos nd|,
n=

converges, for instance, by Cauchy test, since ’\’/r"| cosnb| =r ’\’/| cosnf| < r < 1. Thus, the series (8.1.10)
converges absolutely, and therefore converges. Let us find its sum. Note that

1 = 1 X 1 re?
E _ § int | _
§+n:1’r'nCOS’I7/0—R€ <2+n_1r”eln ) _Re (2+ 1—T€w> .



8.1. DIVERGENT SERIES. 177

It is easy to see that

i0 —i0 0 _ .2

n ind _ re(1 —re=") 1 re’ —r
e : I T Ak — 8.1.11
+Zr (1—7“619)(1—7"6—“9) 3 " 1—2rcosf +r? ( )

Taking the real part of this expression we have

"‘Zn 0 1+ rcosf — r? 1 1—1r2
- rmecosnf=-++ —M = . —
2 2 1—2rcos@+7r2 2 1—2rcos+r?

Thus, the Abel sum of the series (8.1.9)) is the following.

1 1—7r2
li n _in6 = lim — )
TﬂuanRe< +ZT ) ro1202 1= 2rcos + 12 0 670

Furthermore, the series

> sinn,  60#£0, (8.1.12)
diverges. However, the function
Zr”sinn@, 0<r<li,
n=1

is the imaginary part of the series (8.1.11)), so

B noino | rsin 6
Zr sinnf = Im (Zr )1—27“(2089—&-7“2’

n=1 n=1

and the Abel sum of the series (8.1.12)) has the form

. < b rsiné 1 sind 1 2sin§sing 1 .
1m rosmnv = m = — — = —cot —
r—>1—0n:1 r—1-01 — 2rcosf + r2 2 1-— C089 2 2 sin? g 2 2

Note that the series -
Yo g>1,
n=0

is not Abel summable, since

lim r"q" = 4o0.
r—1-0
n=0

Thus, the series and (8.1.6 - are not Abel summable. Later we will introduce the Euler summability
method that allow to ‘sum” the series (8.1.5)).

8.1.4 Product of series

Historically, one of the first methods of “summing” divergent series was the Abel (Abel-Poisson) summation
method which appeared to be useful for the product of series. Implicitly, Leibnitz and Euler used this
method.

o0 o0
So, it is known that if two series > a, and > b, converge absolutely to some numbers A and B,
n=0 n=0
respectively, then their (Cauchy) product

Zan Zb Z agby, + a1bp—1 + - + an—1b1 + anbo)

n=0

converges to the number C' = A - B.



178 CHAPTER 8. DIVERGENT SERIES. CESARO AND ABEL METHODS OF SUMMATION.

Example 8.1.5. Consider the series

& @m—) 1 1-3
ﬁ:,;o(_l) ((zm)!l):1_2+2-4_”" (8.1.13)

that can be obtained from the functional series

1 = (2m -
A= Z::wa : (8.1.14)

whose convergence radius is 1. Indeed, from the Stirling formula

m m
m! ~V2mm - (—) as m — +00o

e

we have

1 2y/7m - 4™ . m2m e2m 1

4gm e2m 2rm - m2m  J/mm’

_@Cm-=1t 1 (2m)! 1(2m>~

tm = (2m)! Tam mlml T 4am \m
S0

=1

1 - —_— 1
— = 1i m/ = i m
R mgnoo am mg)noo VT

Thus, the series (8.1.14) converges absolutely for || < 1. It obviously diverges for z = 1, but it
converges for z = —1. Indeed, since

1 (@m) 1 @m+2)! 1

m — Um = - : = m'7>0a
Gm = Amt L = bl 4 (e Dim+ D) ™ 2(m+ 1)
and
1 — 0
A, = ,
A/ TN M—00

the series (8.1.13]) converges by Leibnitz’s test. But this series is not absolutely convergent! We prove now
that its square is a divergent series. To do this let us recall the Chu-Vendermond identity

1
Ifa=p= —5 then we have

and

k! 2k . k! T2k k2R L 4k k

(n_%k) - (_41# (2(:_ kk>>'

So from the Chu-Vandermond identity it follows that

> ()62 ()

m=0

(%> _ (—;) (—; - 1) (—; —k+ 1) _ (—DF@2k -1 (—1)F(2k)! _ (—1)* <2k>
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05

Consider now the square of the series (8.1.13]):

or

(S 00) =SS - 5S4 (2 () - S

1
However, the square of the left-hand side of (8.1.13)) equals 3 An we know that this is the Abel (and

Cesaro) sum of the series > (—1)".
n=0

The following theorem explain this phenomenon.

Theorem 8.1.6. If series Z an and Z b, are Abel summable with sums A and B, respectively, then
=0
their product is Abel summable with sum A B.

Thus, the Abel summation operator is a homomorphism.

Proof. By assumption the series
o0 oo
Z a,r" and Z byr"
n=0 n=0

converge for any r € [0,1). Therefore, the series

z) = ianz” and B(z anz

n=0 n=0

converge absolutely for |z| < 1 by Abel’s theorem (from the power series theory). So we have

rgrlrio <7§anr ) (;bnr ) :rglﬂoA(r) -B(r)=A-B.

1
This theorem confirms that the square of the series (8.1.13]) is Abel summable to 3

Example 8.1.7. Consider again the series

It is easy to see that

(Z(—um) eI (G R e i e i D DI G

m=0

mtimes

2
1 1
The initial series is Cesaro summable to 3 but its square is not Cesaro summable. It is Abel summable to (2> .

Corollary 8.1.8. If series Y. an and Y b, are summable with sums A and B, respectively, then their
n=0 n=0
product is Abel summable with sum A - B
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8.2 Tauberian theorems. Higher methods of summation of di-
vergent series.

8.2.1 Relation between Cesaro and Abel summability methods

To find out how Cesaro and Abel summability methods are related, we need the so-called Abel summation
formula.

Theorem 8.2.1 (Abel summation formula). Let (a,))_, and (b,)N_, be finite number sequences. Then

N N-1
Z anbn = ClNBN+1 — aMBM — Z (an+1 — an)Bn+1. (8.2.1)
n=M n=M
where
m—1
By=0, Bp=Y_ by
n=0

Proof. Since b, = By,+1 — B, we have

N N N N
Z anb, = Z an(Bn+1 - Bn) = Z (aan+1 - anlen) - Z (aan - anlen) =
=M n=M

n = n=M n=M
N-1 N—1
=anBn+1 —av—1By — Y, (apt1 — an)Bny1 = anBnt1 —am By — Y. (@nt1 — an) B,
n=M-—1 n=M
as required. O

Theorem 8.2.2 (Frobenius). The Cesdro and Abel summation methods are consistent, and the Abel
summation method is stronger.

Proof. We have to prove that if the series is Cesaro summable to a number o, then it is Abel
summable to the same number. Due to shift invariance of both methods, it is sufficient to prove the
theorem in the case o = 0.

So, by assumption the Cesaro means oy converge to zero as N — oo. This, in particular, means that
the sequence (on)%_; is bounded. Thus, there exists a positive number B such that |on| < B for any
N € N, and for any € > 0, there exists a number N; € N such that for any N > Ny,

lon| < % (8.2.2)

Let S, = Z am, n € N, and Sy := 0. By Abel summation formula we have
m=0

N N-1 N—-1
Z ™ = Sy — Sy — Z (rm ™) S = SN 4+ (1 —7) Z Sma1r™. (8.2.3)
m=0 m=0 m=0

From the same formula and from (8.1.7]) we get

N-1 N_2
Z Smrr™ = Z [(m + 1)oms1 — moy]r™ = Noyr™ ™ Z m A4 1) (rmTE — ™) =
m=0 m=0 m=0

(8.2.4)

N-2
= NoyrN~ (1-7) Z (m+ Doper™,
m=0
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where we supposed that og = 0. So, from (8.2.3)—(8.2.4)) we obtain

N N—-2
Z amrm = SNJrer + (1 — T)NO’NTN 1 2 m + 1 O'erlr (825)

m=0 m=0

Next, it is clear that
S n—1
AL —
n

On—1 ? 07
n— o0

and that
INon| < BN VN €N,

so the sequence Noy grows (if any) slower than N, that is oy = O(N) and Sy = o(N). Thus, for
any € > 0 there exists a number Ny € N such that for all N > No,

S| < % and  |[NoyrV=l < % (8.2.6)
Therefore, (8.2.2), (8.2.5) and (8.2.6) imply that for any N > max{N; + 2, N>},
c Ni—1 c N-2
Z Q™ +(1- r)3 +(1—1r)? Z (m+ Dopir™ + 5(1 —r)? Z (m+ 1)r™ (8.2.7)
m=0 m=N1
Let now N — oo. Then from (8.2.7)) we get
Ni—1 N
. 9 2(1+N1—N17’)7’ 17
r)| = Zamr (lfr)3 (1-7) BZ (m+ Dr 3(1—r) (E0E =
m=0
€ o €
=@2-r)z+(1=7r)2BY (m+1)r"+ -(1+ Ny — Nyr)r™
3 = 3
It is easy to see now that |A(r)| < e as r — 1 — 0. Since ¢ is arbitrary, we have
TEIIIEOA(T) -
as required. O

Example 8.2.3. Consider again the series (8.1.9)). Its partial sums have the form

m—1 m—
1 1
Sm(0):§+l;cosk9*§ —QZcoskésmf:
- 2
1
m—1 sin[m—=,80
1 1 : 1 . 1 ( 2)
:5—2Sin€ 2 [sm(k:—2>¢9—sm(k+2>9]— 2Sing )
2 2
so the Cesaro means are the following
N N
1 1 ) 1 0
(TN(G):N ZSm(F)): N Zsm <m2)05m2
m=1 2N sin? = m=1
2
N sin AW
1 l—cosNO 1 |75
= 7 Z cos(m —1)60 — cosmb] = R A N 3
4N sin® 3™ m=1 4N sin® 3 sin 5
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It is easy to see that oy (0) — 0as N — oo for any 0 # 0 that agrees with Example and Theorem
Consider again the series (8.1.12f). Its partial sums have the form

0) = Zsink@ = —QZsmk@smf
k=1 i 51@:

0 1

m cos——cos| m+=1]6
1 2 2

Z cos 0 — cos k+§ 0 = 7 ,

k=1 2sin —
2

2sin

I\D\QD

so the Cesaro means are the following

m=1 2N sin? = m=1

N N
1 0 1 .0
Z GZ{COSQ—COS(m+2>9:|SIH2:
2

N . '
1 — 1
E Slnm&—sm(m—i—l)g}_icotg sinf — sin(N + )9.

0
4N sin? =
2

1 0
It is easy to see that on(0) — 3 cot 5 @ N — oo for any 6 # 0 that agrees with Example [8.1.4] and
Theorem [8.2.2]

Remark 8.2.4. As we mentioned above, from this theorem it follows that the Abel summation method
is regular. Indeed, if a series is summable, then it is Cesaro summable, since Cesaro summability method
is regular. Now Theorem [3.2.2| guarantees that the series is Abel summable. This fact is usually known as
Abel’s theorem.

Corollary 8.2.5. If series Z an and Z b, are Cesaro summable with sums A and B, respectively, then

their product is Abel summable with sum A B.

Finally, let us prove a fact that is of use later.

n—1 00
Proposition 8.2.6. Let the Abel partial sums > an,r™ of a series > am, be bounded asr — 1 —0. If,

m=0 m=0
1 n—1
additionally, a.,, = O <>, then the partial sums Y ap, of the given series are bounded.
m m=0

1
Proof. Let ry =1 — N Then N(1 —ry) = 1, and ry — 1 — 0 whenever N — +o00. Moreover, since

1
am = 0 >, there exists M > 0 such that m|a,,| < M for any m € N (for large m it follows from
m

the assumption of the proposition, and for other, finitely many, m’s we can always find such a bound).
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Consider the difference

N—-1 oo N-1 oo
Sy = Ary| = Z(am—amrﬁ)— Z amTN| < Z |am| - (1 —75) + Z |am |73} <
m=0 m=N m=0 m=N
N-1 00 P
(1) Zowam\ oyt D mefam] - <
m=

m=N
N— 00
(1—ry) Zm |am|+MZ s (1—ry)M Z Nz i<

M 1
<(l—ry)MN+ — ZTN_M+W 1—7‘N_2M as N — +o0.

8.2.2 Tauberian theorems

From the properties of Abel and Cesaro summation methods we get that the Abel summation method is
stronger than the Cesaro summation method, which, in its turn, is stronger than the standard summation
method. This means that any convergent series is Abel and Cesaro convergent, and any Cesaro convergent
series is Abel convergent. But are there some conditions on the given series such that the converse
statements becomes true? In fact, such conditions exist, and the corresponding results on this topic are
usually called Tauberian theorems after A. Tauber who proved the following theorem in 1897.

& 1
Theorem 8.2.7 (Tauber). Let the series > an, be Abel summable to a number S, and let a, = o (m)

m=0

Then Y an, is summable to S.

m=0

N—1
Proof. Let Sy = > am, and
m=0

o0
: m o__ : _
rl}lﬂo Z()amr = rl}{rio A(r)=S. (8.2.8)
1
Since a,, = o m)’ the sequence (man,)_, is bounded, that is, there exists B > 0 such that
|ma,,| < B for any m € N. Moreover, for any € > 0 there exists a number N; € N such that for
any m > N
2
€

Now from (88.2.8)) it follows that for any € > 0 there exists § > 0 such that
|[A(r) — S| < % whenever 0< (1—7) <.

Choose a number Ny € N such that

€
N > Ns.
svg <07 2
€
NG Then we have
€
1*7”—3]ViB<5 and (1*7’)N737B
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Thus, for any N > max{N, N2}, one obtains

N-1 N-1 0o
|Sny — S| = Zam—S‘— Zaml—r Zamr <Zamrm—5> <
m=0 m=0 m=0
N—-1 o) rm e’} 52 1 c
< (1 —r)mz::()m|am| +7§Nm|am|ﬁ + mz::Oamrm -S| <(1-r)NB+ 98 N(1-7) tg<e

From this theorem and from Theorem [8.2.2| we immediately obtain the following fact.

S 1
Corollary 8.2.8. Let the series > a,, be Cesaro summable with the sum o, and let a,, = o <> Then
m

m=0

o0
> am is summable with the sum o.
m=0

8.3 Some other summability methods

Here we briefly consider some additional regular summability methods.

8.3.1 Holder summability method

This method is the iteration of Cesaro method. Namely, if we have a series

oo
E Am,
m=0

-1
Z a,, are called initial or 0" Holder sums. Respectively, Cesaro means
m=0

then its partlal sums O'( ) =

- Z a,(co) are called 1°¢ Holder sums. And in general, the I*" Holder sums are

I~ -
0 _ 2 (I-1)
gy, " kg_l oy, .

So if the sequence (07(10));1"’:1 diverges, we use the sequence (Uﬁll))fle. If this diverges too, we use the next
Holder sums (o7, (2 ))n 1, and so on.
The series is called I*" Hélder summable with the sum S if li_>m oV =s.
Example 8.3.9. Consider the series
Z (m+1).
m=0
As we established earlier, for NV € N,
o) _ —k, N = 2]67 (1) 07 N = Zk’
O'N = UN - :ZC
kE, N =21, P O N=92%-1.
2k —1
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Then we havdll

5 %571 557
o_ L k1 S oLl LNl S|
N - X
N 2k—1 2N 2%k—1 2N || 2 2k — 1
k=1 k=1 k=1
1 N+1 EN:E 1
SN k Nooo 4

£
\ |

1
since the sequence — — 0 as k — 00, so its Cesaro sums — Z — 0 as N — oo. On the other hand, from

k

(2) 5 (2)

1 (o)
> i thus oy’ — 1% N — oo. Thus the series > (—=1)™(m + 1)
m=0
is second Holder summable, and its Holder sum coincides with the Abel sum of this series.

the formula above it follows that o

8.3.2 Voronoy summability method
Let (prn)22, be a sequence of some positive numbers. Construct the sequences
Pp=pi+pat---+pn

and
pnsl +pn—152 + +plsn
Wn = )
P,

where (S,)22, is the sequence of partial sums of the given series.

The series is called Voronoy summable with the sum S if lim w, = S.
n— o0

8.3.3 Higher Cesaro summability methods

These methods are particular cases of the Voronoy summability method and are denoted (C,1), 1 =1,2,....
In Voronoy’s method we set
-2
pn::<n+ ), n=1,2,....

-1

S0

m=1

Then we have by induction

Consider the numbers
(TS () S+ ((21)Sa
" ’

where (S5,)22 is the sequence of partial sums of the given series.

Wn =

The series is called I*" Cesdro summable with the sum S if lim w, = S.
n—roo

Note that the method (C, 1) is the Cesaro summability method defined above.

1Here [a] denote the largest integer not exceeding o whenever o > 0.
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8.3.4 Borel summability method

(o]

For a given series ». a,,, consider the function
m=0
[oe) xm
2Ol &
_ m=0 M —T
F(z) = s g = ¢ g Sm+1m!’
— m=0
m=0 T

n—1
where S, = > am.
m=0

The series Y a,, is called Borel summable with the sum S if lim F(z) =S.

m=0 Tx—+00

8.3.5 Euler summability method

(o]
For a given series ). a,, consider the following new series
m=0

00 b,
Z 2n+1 )

n=0

by = (g) ao + (?) ai+---+ (Z) an = A"ag. (8.3.9)

Here Aay, = apy1 — ay is a finite difference.

where

o) o)
The series Y. ap, is called Euler summable with the sum S if the series > b, is summable (in the
m=0 n=0
standard sense) with the sum S.

Note that if we formally set

~ o R & bn n
F@) =Y am G4 =3 45
m=0

where b,, are defined in (8.3.9)), then

Example 8.3.10. Consider the series
> (8.3.10)
n=0

Here a,, = ¢". The numbers b,, in the Euler summation method have the form

by = <g>a0+ (?)a1+...+ (Z)a”: (1+q)",

so the Euler sum of the series (8.3.10)) is the following

o0

= b, 1+q)" 1
SZZQTH—l :Z ( 2n+ql) =

n=0 n=0 1- q
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1+¢

Here the Euler series converges if ‘2 < 1, that is, if —3 < ¢ < 1. Thus, the series (8.3.10) is Euler

summable if —3 < g < 1, while it is ordinary summable only if —1 < ¢ < 1. If ¢ = —2 we have

oo

> (-2 £

n=0

W =

o0
1
It is also easy to show that the series > ¢" is Borel summable with the (Borel) sum T whenever ¢ < 1.

n=0
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8.4 Problems

Problem 8.1. Using Abel’s summation formula, prove the Dirichlet test for convergence of a series: if
N-1

the partial sums of the series By = > by, are bounded, and (a,)$2; is a sequence of real numbers that
m=0

o0
decreases monotonically to 0, then the series > a,b, converges.
n=0

&)
From Dirichlet’s test deduce Leibnitz theorem claiming the the series > (—1)™a,, converges if (a,)5°
m=0
is a sequence of real numbers that decreases monotonically to 0.

Problem 8.2. Prove that any I** Holder summable series is (I + 1) Holder summable to the same sum.
Are the Holder summability methods regular?

Problem 8.3. Prove that the Voronoy summability method is regular if, and only if, the following con-
dition holds

Problem 8.4. Using the result of Problem prove that the Cesaro summability methods (C,1), I € N,
are regular.

Problem 8.5. Prove that the Euler summability method is regular.
Problem 8.6. Prove that the Borel summability method is regular.

Problem 8.7. Prove that if a series is k" Cesaro summable, [ € N, then it is (k + 1) Cesaro summable
with the same sum. Show by example that converse is not true.

Hint: Consider the series > (—1)""1nk k€ N.

n=1
Problem 8.8. Prove that if a series is {*" Cesaro summable, then it is Abel summable to the same sum.
+oo
Problem 8.9. A series Z an is summable if, and only if, it is Cesaro summable with the same sum, and
n=0
Up =a1+2a2+--+na, =0o(n) as n— +oo.
—+oo
Problem 8.10. A series Z an is summable if, and only if, it is Abel summable with the same sum, and
n=0
Up =a1+2a2+---+na, =o0(n) as n— +oo.
Xyt

U
Hint: For necessity, prove the formula Sy — o = —. For sufficiency, prove that lim — =
n r=1-0 2= n(n + 1)

“+o0
S — ag, where S = 7‘2{110 Z%anr , and use Theorem [8.1.2

Problem 8.11. Prove that if a series is Cesaro summable (first Cesaro summable) and ma,, > —C,
m € N, for some C' > 0, then it is summable with the same sum.

Problem 8.12. Find Cesaro and Abel sums of the series

Z(fl)”*lnmC sinnf, k=1,2,...,
n=1

and
oo

(—=1)""1n?* cosné, E=0,1,2,...

n=1



8.4. PROBLEMS 189

Problem 8.13. Find Cesaro and Abel sums of the series

Z(—l)"‘ln%'|r1 sinnd,
n=1
and s
z:(—l)"_1n%+1 cos nf,
n=1
for k=0,1,2,....
Problem 8.14. Prove the identities
12k_22k+32k_...:0’ ]{}:172,...,
12k+1_32k+1+52k+1_...:0’ k:071,2,...,
k
12k+1 _ 92k+1 32k+17,,,:&3 kEk=0.1.2
+ 2]€+2 2k+2, 9 Ly Ly ey

where By, are Bernoulli numbers.
Here the “sums” of the given series are considered in Abel sense.

Hint: Consider the Taylor series of the function tan 6.

Problem 8.15. Find Cesaro and Abel sums of the series

Z(—l)”*1(2n—1)2k cosné, k=12,...,
n=1

and prove the identity

gk =, k=12

where Fj are Euler numbers, and the value in the right-hand side of the identity is supposed to be the
Abel sum.

Hint: Consider the Taylor series of the function sec6.
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Chapter 9

Trigonometric Fourier series

I cover pages 2-15 from the book [10].

9.1 Trigonometric Fourier series

In Section we studied properties of Fourier series w.r.t. an orthonormal basis (e,,)3%; in Ls[a, b]. In
this section we will study mostly trigonometric Fourier series in L[a,b], Cla,b], and C*)[a,b] as well as
on the set of all piece-wise continuous or Lipschitz functions.

Definition 9.1.1. A function f is called periodic on R if there exists a number A > 0 such that
f@)= f(z+ A) vV € R. (9.1.1)

The minimal number T satisfying (9.1.1)) is called the period of the function f. In this case, the function
f is called T-periodic.

Suppose now f € Li[—m,n| and 27-periodic. This, in fact, means that f is Lebesgue integrable over
any interval of the real line (see Homework N13).

Definition 9.1.2. The series
oo
%) + Z: (am cos mx + by, sinmz) (9.1.2)

m=1

is called the trigonometric Fourier series of the function f if its coefficients are related to the function f
as follows

1] 1]
am:*/f(fc)cosmxdw, me*/f(x)sinmxdx, m=0,1,2,...
T ™

The coefficients a,, and b,, exist, since f is integrable and cosmz and sinmx are bounded. We will
also consider a complex form of the trigonometric Fourier series of the function f:

—+o0

> ene’™, (9.1.3)

n=—oo

where the coefficients ¢,, have that form

1
2

Cpn =

/f(m)eiimdx, n € Z.

—T

191
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In what follows we will consider all functional spaces over the field of real numbers, F = R. In this
case, the coefficients of the series ((9.1.2]) and (9.1.3]) are related as follows

_ap _ap —iby _ap +ib,
Co = Cn =

=12,...
5 n

2 ) c*n - 2 ) ) )

One of the principal topic in the theory of Fourier series is the convergence which can be understanding
in difference senses. We already studied convergence of Fourier series in Ls[a,b]. However, the theory of
Fourier series in L is more complicated. Also, if we try to study the pointwise (a.e.) convergence of Fourier
series, we will see that from this point of view Fourier series might have rather weird behaviour even for
continuous functions. Nevertheless, the uniform convergenceﬂ (the convergence in the space C[—m, 7]) do
not bring any troubles to researchers, as the following theorem shows.

Theorem 9.1.3. Let a function f(x) is defined on the interval [—m, 7| and is expanded into a trigonometric
series of the form (9.1.2) which is uniformly convergent on [—m,nt]. Then the coefficients a,, and by, of
the series are uniquely determined by the function f, and the series is the Fourier series of the function f.

Proof. By assumption, we have Va € [—, ],
f(z) = % + mZ:l(am cosmx + by, sinmaz), (9.1.4)

where the series converges uniformly on [—m,7]. So we can integrate this series over the interval [, 7]:

/f(x)dx: % dx + Z am/cosmacdx—i—bm/sinmxdx = qoT,
—T —T m=1 —T —T
S0
1
ag = ;/f(x)dx (9.1.5)

Now we multiply the series (9.1.5) by cosnz. The resulting series is also uniformly convergent on
[—7, 7], since cosnz is bounded. So we can integrate this series:

us T o) s T
/ f(z) cosnzdr = % /cos nxdr + Z am / cos mx cos nxdx + by, / sinmx cosnxdx | = a,m,
—7 — m=1 -7 —T
o)
1
an = — / f(z) cosnzdz. (9.1.6)
T
Analogously we obtain
1 T
by, = f/f(;v) sin nadx. (9.1.7)
T

Thus, if the function is expanded into a uniformly convergent series on [—m, 7], then this series is its
Fourier series which is uniquely determined by f. O

1 As we established in Section the uniform convergence is the strongest convergence among all other types of convergence
we considered.
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For a given function f € Ly[—m, ], we will write

(oo}

f~ ? + Z @y, cOSME + by SIn ),

m=1

—+oo
f ~ § cnezmc

n=—oo

or

to emphasize that the corresponding trigonometric series (in real or complex form) is the Fourier series of
the function f. We will use symbol “=" instead of “~” if it is known that the Fourier series converges to
f pointwise.

9.2 Basic theory of Fourier series

We start to study properties of trigonometric Fourier series in L;[—77] from proving the Riemann-
Lebesgue. For the space Lo[—, 7], this lemma is a simple consequence of the convergence of the series of
Fourier coefficients (see Corollaries [7.5.12| and [7.6.49)).

First we prove a more general fact.

Theorem 9.2.4 (Lebesgue). Let (¢,)22, be a system of measurable functions defined on [a,b]. Suppose
that there exists a constant K > 0 such that for any n € N and t € [a, b,

len()] < K. 9.2.8)
If for any c € [a,b],
nh_}n;o on(t)dt =0, (9.2.9)
then for any f € Li[a,b], the identity
b
ILm F@®)pn(t)dt =0 (9.2.10)
holds.
Proof. Let [, 8] C [a,b]. Then (9.2.9)) implies that
B
lim /gon(t)dt =0. (9.2.11)
n—oo

«

Consider now a continuous function f defined on [a, b], and for a fixed & > 0 split the interval [a, b] into
subintervals [tx—1,tx], K =1,...,m, (to = a,t, = b), so that the oscillatiorﬂ osc(f,ty) <e, k=0,...,m,
that is possible because of continuity of f(¢). Then we have

b — tk+1 m—1 tht1
/f Z / f(tR)]pn(t)dt + Z f(tr) / ©n (t)dt. (9.2.12)
a k=1 ¢, th
But we have .
/ [f(t) = f(te)lpn(t)dt| < Ke(thsr — tr), (9.2.13)

2See Definition
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so the first sum in (9.2.12) does not exceed Ke(b — a), while the second sum in (9.2.12)) tends to zero as
n — oo according to (9.2.11)). Thus, there exists N € N such that for n > N,

b
/f(t)wn(t)dt <elK(b—a)+1],

and (9.2.10)) is established for continuous functions.
Now by Theorem [7.4.14] for any f € Li[a,b] and for any € > 0 there exists a continuous function g

such that ||f —g|lL, < m, so we have
b b b
/f(t)SDn / t)]on (t)dt| + / Jen(t)dt] < 5 +§
for sufficiently large n. O

Example 9.2.5. Let ¢, (t) = cosnt. Then

c

/gon(t)dt _ sinnec — sin na SN

n n—oo
a

so the system (¢, ()52, satisfy all the conditions of Theorem
This implies the so-called Riemann-Lebesgue lemma.
Theorem 9.2.6 (Riemann-Lebesgue). For any function f € Ly[a,b], the following holds
b b
lim [ f(t)cosntdt = nhﬂn;o f(t) sinntdt = 0.

n—oo
a a

In particular, we have that for any function f € Ly[—m, 7], its Fourier coefficients w.r.t. the sys-

tem ([7.6.13|) vanish as n — oo:

ap = /f t) cos ntdt = 0,

and

bn

1 K
f/f(t) sinntdt — 0.
™

n—oo

Remark 9.2.7. If, for a given system (p,)5 4, the identity (9.2.10) holds for any f € Li]a, b], then the
system (p,)52, is called weakly convergent to 0.

9.2.1 Series by sines or cosines with monotonically decreasing coefficients.

It is clear that if a function f is odd (resp. even), then a,, = 0 (resp. b, = 0) for any n.

Theorem 9.2.8. Ifa, \, 0, then the series

— —|— E Ay COS NI
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converges at any point x € R except possibly the points 2mm, m € Z. Moreover, for any § € (0,7) this
series converges uniformly on [§, 2w — §].
If b, \( 0, then the series

+ oo
g b, sinnx
n=1

converges at any point x € R except possibly the points 2mm, m € Z. Moreover, for any § € (0,7) this
series converges uniformly on [§, 2w — ).

Theorem 9.2.9. Then the series
Z b, sinnx
n=1

converges uniformly on [0,2r—] if and only if nb, — 0 as n — +oo.

Remark 9.2.10. The previous theorem shows that there exist trigonometric series that converge uniformly
but no absolutely. Indeed, by Theorem [9.2.9 one has that the series

oo .
Z S nx
nlnn

1
converges uniformly since nb,, = nn — 0 as n — +o00. At the same time, it does not converge absolutely,
nn

since the series
oo

1
Z nlnn

diverges.

Theorem 9.2.11. Ifb, \, 0, and there exists C > 0 such that |nb,| < C for anyn € N. Then there exists
a a constant M > 0 such that

m

Z b, sinnx

n=1

Corollary 9.2.12. There exists a constant C' > 0 such that for any m € N and any r € R,

m .
Z SN NT
n

n=1

<M vYm € N.

<C

Theorem 9.2.13. If a, \,0 and
ap — 20p11 + Gpyo =0 Vn € NU {0},
then the series

oo

ao

?—I— g Ay COSNT
n=1

converges at any point x € R, except possibly the points 2rm, m € Z, to a nonnegative 2m-periodic even
function f € Li[—m,w|. Moreover, this series is the Fourier series of f.

Corollary 9.2.14. The series
=\ cosnx

Inn
n=2

is the Fourier series of a function f € Ly[—m,x].
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9.3 Applications of Fourier series to ODE

I covered pages 17-22 of the book [10].

9.3.1 Differentiation of Fourier series

Theorem 9.3.1. Let a function f be 2w-periodic and integrable on [—m, 7] (so on R). Suppose that its

-~

Fourier coefficients f(n) have the following estimate

f(n) ==, where Z lon]? < oo,
n n=—oo

then f € C*F=D[—x x].

Proof. If we formally differentiate the Fourier series of the function f k& — 1 times, then the Fourier
coeflicients of its formal derivative have form

(i)~ ) = #7122,

it converges, since

2
o Nk—17 On |Un‘ 1
This justifies the differentiation, so f is k — 1 times continuously differentiable. O

9.3.2 Applications of Fourier series to finding periodic solutions of ODE

Let us consider a linear ordinary differential equation

poy ™ () + pry™ V(@) + - + pay(x) = q(2) (9.3.1)

with constant coefficients and a 27-periodic function g. The problem is to find out whether there exists a

periodic solution of the equation (9.3.1)).
We will search the solution in the Fourier series form

—+oo
y(x): Z ykezkm'

k=—o00

Let us expand the right hand side of (9.3.1)) in to the Fourier series:

“+o0
g(@) = Y qee™.

k=—oc0
then for all £ € Z one has
po(ik) ye + pr(ik)™ 'y + -+ Puk = Qi

(this is the equality of k" Fourier coefficients of the left hand side and the right hand side of (9.3.1])).
Putting
P(z) = poz" +p12" " 4+ pu,

we obtain
P(ik)yr = q. (k€ Z).

If
P(ik)#£0  (Vk € Z), (9.3.2)
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then
gk

Yk = Pik)’

that is, we found the Fourier coefficients of the expected periodic solution y(z) of the equation ,
and therefore, the function itself is also found. But in order to the function y(x) to be a periodic solution
of we must justify the possibility of n-times differentiating. To do this we require additionally that
q(zx) is continuously differentiable.

From the asymptotics P(ik) ~ po(ik)™ for k — oo we obtain

|P(ik)| = c|k|"

for some ¢ > 0, so

where o}, are the Fourier coefficients of the function ¢'(x). Since ¢’ is continuous by assumption, the series

—+oo

> ol

k=—o00

converges, so we can apply Theorem to infer that the sum of the series

+oo
E ykeikz

k=—o00

converges uniformly to a n-times continuously differentiable function y(z). So y(z) is a 2w-periodic solution

of (9.3.1)).
Moreover, this solution is unique. In fact, if there exists on more 27-periodic solution of (9.3.1)), say,
y(z), then the difference f(z) = y(x) — y(x) is also 2m-periodic and satisfies the equation

pof ™ (@) + prfO V(@) + -+ pufl(x) = 0. (9.3.3)

The general solution of (9.3.3) can be expressed via the exponentials e#®, where p are the roots of the
characteristic equation

so the equation has a periodic solution (except trivial f(z) = 0) only if u = ik for some k € Z, that
is, P(ik) = 0 for some k. This contradicts with the assumption (9.3.2).
Thus we get that for 2r-periodic ¢’ € C'[—m, 7] the condition (9.3.2)) is the condition of the existence
and uniqueness of 2m-periodic solution of the equation .
Note that if for some integer m

P(im) =0,
and ¢, = 0, then the equation (9.3.3) has a 27-periodic solution
f({E) _ Aeim’“'7

where A is an arbitrary constant. So in this case, the equation (9.3.1)) has infinitely many periodic solutions.
Finally, if
P(im) =0,

but ¢, # 0, then the equation (9.3.3]) has no periodic solutions.
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9.3.3 Boundary problems of the theory of ODE

The main problem of the theory of ODE is the Cauchy problem (the initial value problem). But in
applications to physics, more important problems are the so called boundary value problems. We consider
now the boundary problems for ODE of the second order. In a sufficiently general form such a problem
can be posed as follows.

On an interval [a, b] we want find solutions y = y(x) of the differential equation

p2(2)y" +p1(2)y’ + po(2)y = f(2), (9.3.4)
satisfying the boundary conditions

Boy(b) + L1y’ (b) = ca. (9.3.5)

We assume that the functions pg, p1, p2, and f are continuous on [a,b]. If ¢; = ¢ = 0, then the
boundary conditions are called uniform. Here we consider this case. This restriction (¢; = co = 0) allows
us to treat the set of all continuously differentiable functions on [a,b] satisfying the uniform boundary
conditions as a linear space. We denote this space as V;. That is,

B . . aoy(a) + ary'(a) =0,
XG{M@-yGC[%H and &Z@+Béﬂ0=0 }

We also denote by V5 the subspace of Vi consisting of two-times continuously differentiable functions.
Then the boundary value problem tales the following form: to find y € V5 such that

L(y) = f, (9.3.6)

where L is a linear differential operator defined on V5 as follows

{ aoy(a) + a1y'(a) = c1,

L(y) = p2(2)y” + p1(x)y" + po(x)y.

The natural question is: for what kind of f the problem has a solution? Is this solution unique?
To answer this question, we need to study the spectral properties of the operator L. This means that we
need to study the solvability of the eigenvalue problem of L, that is, to find all the pairs (L,y), where
A€ C and y € Vo, y # 0 such that

L(y) = Ay.

We will see that the eigenvalue problem for the operators of boundary value problems is a source of
many various orthonormal (in a certain sense) systems, the systems of eigenfunctions. If the eigenvalue
problem for L is solved, and the complete orthonormal (in a certain sense) system of eigenfunctions ¢1,
1, ...is found, moreover, if there are no zero eigenvalues A,, then the solution of the problem
can be solved elementary. Indeed, let us expand the function f into the Fourier series with respect to the
orthonormal system {p,,}°2 ;:

+o00 .
f = Z f(n)‘pm

n=1

~

where f(n) are the Fourier coefficients of the function f with respect to the
We will search the solution y of the boundary value problem in the form of Fourier series

+oo
y=>_ §(n)en.
n=1
Suppose that the rate of convergence of this series allows us to differentiate it sufficiently many times:

+00 too
L <Z mn)@n) = " i) Ligw).
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so the equation (9.3.6]) has the form

since L(p,) = Ap@n. Thus, we have

The question of the convergence of this series should be considered separately.
To study the boundary value problem, it is more convenient to rewrite the differential equation for
eigenvalues in a symmetric form. Namely, we multiply the equation

p2y” +p1y’ +poy = Ay
by a function p such that this equation turns into the following
—(py')" +qy = Apy.

Obviously, the function p can be found from the equation

p1p = (p2p)’,
where p = —pgp. Thus, if ps # 0, then
D T
p:OefZDd’ p:—£

The operator L defined formally by the equality

L(y) = —(ry) +ay

; (9.3.7)

is called the Sturm-Liouville operator. The boundary value problem for eigenvalues and eigenfunctions
(A, y) of the operator L

—(py") +ay = Apy (9.3.8)

apy(a) + a1y'(a) =0,
Boy(b) + By’ (b) = 0.
is called the Sturm-liouville problem. Here we assume that the functions p, ¢, and p are real continuous

functions. Moreover, p is continuously differentiable, while ¢ and p are nonnegative. The coefficients aq,
as, 1, B2 are assumed to be real and such that

(9.3.9)

o + a3 #0, (9.3.10)

B + 83 # 0.
Note that the boundary conditions of the form

are called the Neumann conditions.
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The differential equation of the Sturm-Liouville problem can be further transformed. Indeed, if we
introduce the new variable ¢ by the equality
‘ / dx
p(z)’

where we assume that p # 0, then from the identity

d der d d
it~ dt dx  Pdz’
we obtain ta new form of our equation:
2

— o2yt = Appy.

Let now "
y = k(t)u(s), s = /ﬁ’

where the function k is not defined yet, while s and w are the new variable and new sought-for function
(instead of y), respectively. At the same time, we have

dy dk du ds dk 1 du

T T P T TR
dy?>  dk dk du ds 1 dk du 1 d’uw ds d%k 1 d*u

W@ ar T a@ s @ R d ds  kds dt a2t R s

1 du d’k
_E . d782 + (qu — dt2) = )\ppku.

that implies

Now we choose the function k& such that
dk?
kt=1 = pgk* — k*—
pp , T=Dpq e
to obtain the following new form of the considered equation:
2

d“u

s +7ru = Au.

The transformations described above preserve the form of the uniform boundary conditions (with some
new coefficients).

9.3.4 Regular Sturm-Liouville problem

The operator L defined in (9.3.7) is called regular Sturm-Liouville operator if p,p > 0 on [a,b]. the
eigenvalue boundary problem (9.3.8)—(9.3.9) is called regular if L is regular.
Let now specify some properties of the regular Sturm-Liouville problem.

Proposition 9.3.2. All the zeros of the eigenfunctions are simple (of multiplicity one).

Proof. Indeed, if y(z¢) = 0 and y'(xg) = 0 for some zy € [a,b], then y(x) = 0 on [a,b], so y cannot be an
eigenfunction of L by definition. O

Proposition 9.3.3. To every eigenvalue of L there corresponds a unique (up to a constant factor) eigen-
function, that is, all the eigenvalues of the regular Sturm-Liouville operator are simple.
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Proof. Let y; and ys be two eigenfunctions corresponding to an eigenvalue u of the operator L. Since the
uniform system (with respect to variables g and o)

aoyr(a) + a1y (a) =0,

aoyz(a) + arys(a) =0
must have a nontrivial solution by (9.3.10). Consequently, the determinant of this system must vanish.
Note that the determinant of this system is the Wronskian Wy, y2] of the functions y; and yo calculated
at the point a. The Wronskian of the functions y; and y, has the form

Wy, yol(z) = = y1(2)ys(x) — ya(2)y) ().

So the system ((9.3.11)) has a nontrivial solution if, and only if, Wy, y2](a) = 0.
On the other hand, by (9.3.8) we have that

% {p(x)Wlyr, 9ol ()} = y1(x) (p(2)y2(2))" — y2(2) (p(2)y1 (2))" =

= ya(z)[Ap(7) — q(@)]y1(7) — y1 (@) [Ap(z) — q(2)]y2(2) = 0,

so the function p(x)Wly1,y2](x) is constant, so Wiyy,y2](xz) = 0, since Wy, y2](a) = 0. Consequently,
y1(z) = cya(x), where ¢ is a constant, as required. O

Proposition 9.3.4. All the eigenvalues of the Sturm-Liouville problem are real. The corresponding eigen-
functions can be chosen real.

Proof. Note that by integration by part one can obtain

b b b
/ laf — (pf")|gdx sz[fJ]’a +/ flag — (pg')'da. (9.3.12)

If the functions f and g satisfy the boundary conditions (9.3.9)) (that is, a,b € V3), then W[f,g](a) = 0
and W{f,g](b) = qﬂ Let us introduce the following weighted inner product

b
(f.g) = / faodz,  |If1 = VT (9.3.13)

Then the identity (9.3.12) takes the form

(LS, 9) = ([, Llg))-

Such a property is called the symmetry of the operator L. If now y is an eigenfunction of L corresponding
to an eigenvalue A, then

Mlyll* = (Llyl,y) = (v, Lly]) = Ally|*.
Since ||y|| # 0 (by definition of eigenfunctions), we obtain A = X, so A € R, as required. O
Note that since the functions p, ¢ and p are real, and since the equation L[y] = Ay is real and linear,

the eigenfunctions of the operator L can be chosen real (up to a constant complex factor). So in what
follows we assume that the eigenfunctions of the operator L are real.

Proposition 9.3.5. If \y # Ao, then the corresponding eigenfunctions y1 and ys are orthogonal with

respect to the inner product (9.3.13)).

3Here we use the fact that the boundary conditions have real coefficients.
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Proof. Indeed,
(A1 = A2) (Y1, y2) = (Llya], y2) — (v1, Lyz]) = 0.

So,
(y1,92) =0,

since A\; — A2 # 0 by assumption. O

Proposition 9.3.6. The sequence of eigenvalues of the operator L is infinite and monotone increasing

M<A A <oy Ay —— 0.

n— 00

We will not prove this proposition.
Consider the space Vi with the inner product (9.3.13]). Suppose that the eigenfunctions y, of the
Sturm-Liouville problem are normed:

b
ol = [ om0l = 1.

Then they generate an orthonormal system. The Fourier coefficients of a function f (from the space V;
with inner product (9.3.13))) with respect to this orthonormal system are defined by the following formulaﬁ

N b
f(n)=(fiyn) = / f(@)yn(z)p(x)dx.

The expansion of the function f into the Fourier series with the eigenfunctions of the Sturm-Liouville
problem has the form

—+o0
F~Y " Ty (). (9.3.14)

Let us establish that the system of the eigenfunctions of the Sturm-Liouville problem is closed (or
complete), so the series (9.3.14)) converges to the function f in the norm of the space V; with inner

product :
N
I =3 Formal 5o (9.3.15)

We will give a scheme of the proof of (9.3.15)) under additional conditions:
1. p=1,

2. Vi consists of real continuously differentiable functions satisfying Dirichlet’s boundary conditions:

In this case, the inner product ([9.3.13) has the form

b
(f,g) = / fode. (9.3.16)
Let , ,
I(y)E<L(y)’y>:/ [*(py’)#qy]ydw:/ p(y)?* + qy*]da. (9.3.17)

It can be proved (we skip this proof) that the minimal value of the functional I(y) under conditions

y(a) =y(b) =0, [yll=1,

4Recall that the eigenfunctions y, are supposed to be real.
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equals the following
minI(y) = A1, A =1(y1),

where A; is the minimal eigenvalue of the considered Sturm-Liouville problem, and y; is the corresponding
eigenfunction, |ly|| = 1.
Moreover, the following variational principle holds.

Theorem 9.3.7. Let y1, y2, - .., Yn_1 be the orthonormal system of eigenfunctions of the Sturm-Liouville
problem satisfying the eigenvalues A1, Ao, ..., Ap—1 such that
)\17 A27 cee A77,—1~

Then the minimal value of the functional I1(y) defined in (9.3.17)) under the conditions
y(a) :y(b) =0, Hy” =1, yly,Vk=1,2,...,n—1,

can be achieved. Furthermore,
min I(y) =Xy Ap = I(yn)7

where A, is the n-th eigenvalue of the Sturm-Liouville problem, and y, is the corresponding eigenfunction.

We will use this theorem to prove the completeness of the system of eigenfunctions of the Sturm-
Liouville operator L in the space V.
Let

n—1
'n = fﬁ E CkYk,
k=1

where ¢, = (f, yr) are the Fourier coefficients of the function f. So yxLr, for k& < n. Therefore,

n—1

(L), ra) = (L), — S exlE (@), ) = (E(F)s ) — 3 ks 7,
k=1

1

=
Il

and since (yg,r,) = 0, we have
(L(rp),mn) = (L(f);n)-
Suppose that ||r,|| # 0, so
n = [|Irnllen,
where
llenll = 1, enlyr, Yo, s Yn_1-
By Theorem [9.3.7] we have
(L(ra),ra) = Iral®(Llen),en) = lrall®  min  (L(y),y) = Aulral.

lyll=1
yLlyi,.. s yn—1

This implies, due to the Cauchy-Bunyakovsky-Schwarz inequality, that

Aallrall? S CL(F), ) SUNLCA - lIrall,
so since \,, — 400 as n — 00, we obtain

/\””TnH < M __.0.

An n—oo
But this is equivalent to the closedness (completeness) of the system of the eigenvalues y of the Sturm-

Liouville operator of the Dirichlet boundary problem with p = 1.
Let us return to the equation

L(y) = f,
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and note that since L is symmetric, we have

<L(y)7yn> = <yﬂL(yn)> = <y7)\nyn> = )\n<yuyn>7

SO
A Yy Yn) = (f Yn)-

The question whether the function

is, in fact, the solution of the Sturm-Liouville problem depends on the rate of convergence of this series.
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9.4 Problems

9.4.1 Basic theory of Fourier series

Problem 9.1. Prove the formula

cosme = —— + -

1 " (n+ 2> (9.1.1)

€T
sin —

2

e 4 e~ et — e~
Hint: Use the formule cosy = ————, siny = ————. An alternative proof is to exploit the
trigonometric formula of the product of a sine and cosine.

Problem 9.2. Applying integration by parts, deduce from (9.1.1) that

1 1 t

n . cos(nJr)x 7rcos(n+ )t CoS —

— 2 1 2 2
Zsmmx:ﬂ r " / gt 9.2.2)

m=1 M 2 (2n+1) Sing 2n+1 J sin? %
Problem 9.3. Prove that
i sinnr w—x
for any = € (0, ).
Analogously, prove that for any x € (—m,0), the series converges to T ;— x.
Problem 9.4. Prove the formula
" 1 sin2nx
2m —1)ax == - .
Z cos(2m — 1) 2 sinz
Using this formula prove that for any = € (0,7)
= sin(2n— 1)«
=—. 9.4.3
Z 2n —1 1 ( )

m=1

Problem 9.5. Using the identity (9.4.3)), prove Steklov’s formula

fla+m) — =—— Z / )cos(2m + 1)(u — z)du,

where f(u) is differentiable on the interval (z,z + ).
Problem 9.6. Expand into Fourier series the following periodic functions
1) {z}, the fractional part of z, {x} = x — [z], where [z] is the integer part of x;
2) (z), the distance from z to the closest integer;
Problem 9.7. Find the Fourier series of the a 3-periodic function defined on [0, 3] by the following formulee
z if xel0,1],

1 if xel[l,2)
3—z if z€[2,3],

and study its convergence.
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Problem 9.8. Verify that

VI

—g if O0<z<m.

Note that this function is not continuous. Show that nevertheless, the series converges for every x (by
which we mean, as usual, that the symmetric partial sums of the series converge). In particular, the value
of the series at the origin, namely 0, is the average of the values of f(x) as x approaches the origin from
the left and the right.

Hint: Use Dirichlet’s test for convergence of a series > apby,.
n

Problem 9.9. Expand f(z) = 2% into the cos-series in the interval (0, 7).
Problem 9.10. Expand f(z) = 23 into the sin-series in the interval (0, ).
)
)

(
(

Problem 9.12. Expand f(x) = cosh(ax) into Fourier series in the interval (—m, 7).
(

Problem 9.11. Expand f(z) = e* into Fourier series in the interval (—h, h).

Problem 9.13. Expand f(z) = sinh(az) into Fourier series in the interval (—m, 7).

Problem 9.14. Using the change of variables t = ¢ prove that

1)

: +oo
asinx
—_— = n \. , < 1’
1 —2acosz + a2 nZ_:l a" sin(na) |al
2)
+oo a”
=2 N=-2) o : <1,
n acosz +a”) nz::l - cos(nzx) lal
3)
02 cos = f (—=1)""L cos(nx)
NZ2COS—- = N 7 mEENTmT
2 - :

n=1
where z € (—m, 7).
Hint: For 2) use differentiation/integration, for 3) use the series 2).

Problem 9.15. Is it possible to find Fourier series of the 27-periodic function

¢ x
an —
2

on the interval (—m,7)? Explain the answer.

Problem 9.16. Prove that
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1)

cos2x+cos4x+cos6x+ 1 7, 0< <
o= = — —sginzx <
1-3 35 5.7 2 4 ’ ’
2)
fsin(Qn—i—l)x 7T.13( ) O<a<
— = —(m— =), T < .
(2n+1)3 8
n=1
3)
cos 3 cos 5 cos7x T 4 Ty T
— — .= —COS“T — = COST —— <z < —.
1-3-5 3:5-7 5-7-9 8 ’ 2 2
Problem 9.17. Prove that
+oo .
2 2
ZM:sin2x7(7rf2x)sin2xfsinxcos:cln(élsian), 0<z<m.
— n(n+1)
Problem 9.18. Prove that
+oo 2

— n?(n+1)?

1 1
Problem 9.19. Noting that — = / t"~1dt find the sum of the series
0

n
+oo .
sinnx
Z , O<z<m.
n
n=1
Problem 9.20. Find the sum of the following series
1)
= cos(nx)
TR 0<ax<2m,
n
n=1
2)
XX sin(nz)
Y /5, 0<z<2m
n
n=1
3)
XX cosna
Z , 0<ax<2m,
n
n=1
4)
= cos(2n + 1)x
Stttz
2n+1
n=0
5)
= cos(nx)
Z , 0<z<2m,
n2—1
n=2
6)
> Sm(m), 0<z<2m,
n?—1

2 1
Zcos(n—i_)m:%ﬂ-—%:)sinx—l—(g—27rx+2x2—3>cosx, O<z<m.

207
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7)
+o0 .
Zismnx O<z<m
2 2 ) )
= n(n* + a?)
8)
—+oo .
_1)"
Crtsins
— n(n*+a?)
9)
= sin(2n + 1)x
Yotz
2n+1
n=0
10)
X (=1)" cos na
Z 5 s —T<x<m,
~ n -4

Hint: For 1) and 2) use the result of Problem and differentiation.

Problem 9.21. Show that for a not an integer, the Fourier series of

71— O
e’L(T( w)a

sin To

on [0, 27] is given by

too einm

Z n—+ o

n=—oo

Apply Parseval’s identity to show that
+oo 1 2

Z (n+a)?  (sinra)?’

n=—oo

Problem 9.22. Suppose f is a periodic function of period 27 which belongs to the class C*. Show that
if Y c,e™® is the Fourier series of f(z), then

n
! Inf —
Cnh = O —_— as n 0.
n =0\

Hint: Use Riemann-Lebesgue lemma.

Problem 9.23. Let f € C[—7,n]. Prove that

n n

]f(ac) cosnzdzr| < Cw (f,f) , ]f(a:) sinnzdr| < Cw (I,f>

where C' > 0 is a constant and

w(é,f)z sup |f($>_f(y)|’ .”L',yE[—ﬂ',ﬂ'].

lz—y|<d
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Problem 9.24. Let f is continuous and 27-periodic. Prove that

fu(z) = % . 4?;2;?2 /f(z: + u) (cos %)QH du

—T

is a singular integral, that is, f,,(z) tends to f(z) uniformly on R. Show also that f,(z) is a trigonometric
polynomial.

Problem 9.25. Improve the rate of convergence of the following series

1)

+
>

3
—n +1

sin nx

from order n~! to order n~* using the result of Problem 6,

2)

cosne

from order n~2 to order n~* using Problem 6.

Problem 9.26. Find the sum of the series

—+o0

cosnx

E — 0<x<2m.
n®—1

n=2

and use it to improve the rate of convergence of the series

+oo o

n“+1
Z 7 Ccos NT
n

n=1 + 1

from order n~=2 to order n~°

Problem 9.27. Let f € Ly[a,b]. Prove that

b
lim /f(x)eiR””dx = 0.
R—o0
9.4.2 Applications of Fourier series

Problem 9.28. Use the method of eigenfunctions expansion to solve the following boundary value prob-
lem:

y// + 4y = 3
y(0) =0, y'(1)=0.

Problem 9.29. Find the eigenvalues and eigenfunctions of the following boundary value problem:
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Problem 9.30. Use the method of eigenfunctions expansion to solve the following boundary value prob-
lem:

(zy) + % = é
y(1) =0, y(e)=0.

Problem 9.31. The eigenvalue problem x2y” —\zy’+\y = 0 with (1) = y(2) = 0 is not a Sturm-Liouville
eigenvalue problem. Show that none of the eigenvalues are real by solving this eigenvalue problem.

Problem 9.32. Find 27-periodic solutions of the following ordinary differential equation:
"

y" 4y =sin2z

Problem 9.33. Find the solution (tending to zero as |z| — oo) of the following difference equations:

flo ) = 20(@) = ——,

Hint: Represent the solution as a functional (not power or Fourier!) series depending on parameter h.
1

When h = 0, the series must degenerate to the function f(x) = T
x

Problem 9.34. Find 27-periodic solutions of the following difference equation:
fla+R)+3f(@) + f(@—h) = g(a), h#2m
where g(z) is the 27-periodic function defined by the equality
g(x) =z, for z€(0,2n).
Hint: Compare the Fourier coefficients of the left and right hand sides of the equation.

Problem 9.35. Find the eigenvalues and eigenfunctions of the following problem

Y +y= Ay,

y(1) =y'()) =0.
and solve the problem

y' +y=a?

y(1) =y'(1) = 0.

Problem 9.36. Find the eigenvalues and eigenfunctions of the following problem

1
2y + 1y =y,
y(1) =y'(e) = 0.

and solve the problem

1
2y + qy ==,

y(1) =y'(e) = 0.
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